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Abstract

We propose inverse probability weighted estimators for the distribution functions of

the potential outcomes of a binary treatment under the unconfoundedness assumption.

We also apply the inverse mapping on the distribution functions to obtain the quantile

functions. We show that the proposed estimators converge weakly to zero mean Gaussian

processes. A simulation method based on the multiplier central limit theorem is proposed

to approximate these limiting Gaussian processes. The estimators in the treated subpop-

ulation are shown to share the same properties. To demonstrate the usefulness of our

results, we construct Kolmogorov-Smirnov type tests for stochastic dominance relations

between the distributions of potential outcomes. We examine the finite sample properties

of our tests in a set of Monte-Carlo simulations and use our tests in an empirical example

which shows that a job training program had a positive effect on incomes.

JEL classification: C01, C12, C21

Keywords: Hypothesis testing, stochastic dominance, treatment effects, propensity

score.
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1 Introduction

This paper is related to numerous papers in the treatment effects literature. Much of

the literature to date has focused on examining the impact of a treatment by examining

the effect of this treatment on certain features of the distributions of the treatment and

control groups. Most papers focus on the mean treatment effects which are defined as

the average treatment effect (ATE) and average treatment effect on the treated (ATT)

(e.g., Rosenbaum and Rubin (1983, 1985), Heckman, Ichimura, and Todd (1997, 1998),

Heckman, Ichimura, Smith and Todd (1998), Hahn (1998), Rosenbaum (1987), Rubin,

and Thomas (1996), Hirano, Imbens, and Ridder (2003, HIR hereafter)). More recently

Firpo (2007a) has examined quantile treatment effects (QTE) and quantile treatment

effects on the treated (QTT) which measure the difference between certain quantiles of

the potential outcomes. Also, Firpo (2010) proposes estimators of the treatment effect

on various measures of inequality. These include measures such as the coefficient of

variation, inter-quartile range, Theil’s index and the Gini coefficient. For recent reviews,

please see Imbens (2004) and Imbens and Wooldridge (2009) among others.

In this paper we propose methods for estimating the entire distributions (CDF) of

potential outcomes in a binary treatment effect model where the unconfoundedness as-

sumption is satisfied. The estimation method is the inverse probability weighted (IPW)

estimator of the CDF for potential outcomes and allows for the use of a nonparametric

estimator of the propensity score. We also use these estimates and the inverse mapping

to estimate the quantile processes associated with the distributions. All our estimators

are treated as functions and our asymptotic analysis of the estimators shows that, under

regularity assumptions, the estimators converge weakly to Gaussian stochastic processes

at the usual parametric rate. Since it is well known that the covariance kernel of the

associated Gaussian processes depend on the estimation error in the estimated propen-

sity score, we propose simulation methods, based on the multiplier central limit theorem,

for conducting inference that take this into account. We also propose estimators for the

CDFs and quantile functions of the potential outcomes in the treated subpopulation

and discuss simulation methods for conducting inference. To the best of our knowledge,

this is the first paper to estimate the CDFs and the whole quantile functions of the

potential outcomes under the unconfoundedness assumptions and to propose a method

to approximate the limiting processes of the estimators. To demonstrate the usefulness

of our results we propose Kolmogorov-Smirnov (KS) type tests for stochastic dominance

relations between the distributions of potential outcomes. The importance of such tests

has been discussed by Imbens and Wooldridge (2009). Our paper also examines the
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properties of the proposed methods in finite samples by conducting a small scale simu-

lation as well as applying the methods for the KS tests to examine the effect of a job

training program in an empirical example using data from the National Supported Work

Demonstration (NSW) job training program. In the empirical example we find that real

earnings under job training stochastically dominates real earnings without job training

and we find evidence against the opposite relationship. Thus our methods suggest that

positive effects of job training are felt over the entire distribution which is a stronger

conclusion than one would reach based simply on the mean.

This paper is related to some other recent papers that examine distributional effects

in treatment effect models. Abadie (2002) constructs tests for stochastic dominance rela-

tionship between potential outcomes when the treatment assignment is endogenous and

one has a binary instrument. Maier (2011) focuses on KS tests for the stochastic domi-

nance relation in a treatment effect situation similar to ours but uses a different method

for inference based on the bootstrap. Lee and Whang (2009), and Hsu (2011) consider the

null hypothesis that the stochastic dominance relation between the potential outcomes

holds conditional on the all possible values of the covariances. Shen (2011) proposes

nonparametric and semiparametric tests for conditional stochastic dominance relation

between the potential outcomes at a given covariate value. Their focus is different from

ours, because we focus on the stochastic dominance relation between the unconditional

CDFs. As noted above Firpo (2007a) examines quantile treatment effects for specific

quantiles while Firpo (2010) examines specific measures of inequality. Our paper pro-

vides results for the entire CDF and quantile process and can be used in principle, along

with functional delta methods, to construct any functional of either and conduct infer-

ence with KS tests for stochastic dominance being one empirically important example.

Additionally our paper provides results for the treated subpopulation.

This paper is also related to numerous papers in the stochastic dominance literature.

Papers that consider inference for stochastic dominance between two distributions include

McFadden (1989), Anderson (1996), Davidson and Duclos (2000), Barrett and Donald

(2003), Linton, Maasoumi and Whang (2005), Bennett (2009), Linton, Song and Whang

(2010), Donald and Hsu (2010), and Donald, Hsu and Barrett (2012) among others. Our

paper considers the empirically important case where one comparing two distributions

in the treatment effect context where selection to treatment depends on observables and

does not rely on completely random assignment as would be required in order to use

results of Barrett and Donald’s (2003).1

1Linton, Maasoumi and Whang (2005), Linton, Song and Whang (2010), and Donald, Hsu and Barrett
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The remainder of this paper is organized as follows. In Section 2, we discuss the

treatment effect model. We also examine the identification of the CDFs of potential out-

comes and propose estimators of the CDFs as well as the associated quantile function.

Section 3 presents regularity conditions and asymptotic results for the estimators of the

CDFs and quantile functions. In Section 4, we introduce a simulation method to approx-

imate the limiting stochastic processes of the estimated CDFs and quantile functions.

We propose KS tests for the stochastic dominance relation between the distributions of

potential outcomes and show the size and power properties of our tests in Section 5. We

extend our results to the treated group in Section 6. Monte-Carlo simulation results are

summarized in Section 7. Section 8 presents the empirical application, and Section 9

concludes. All mathematical proofs are contained in the Appendix.

2 Estimating CDFs and Quantile Functions of the Poten-

tial Outcomes

2.1 Model framework

We consider the standard treatment effects framework. Let T be a dummy variable

such that T = 1 if the individual receives treatment; otherwise, T = 0. Define Y (1)

as the potential outcome for the individual under treatment and Y (0) as that without

treatment. Let F0(·) = P (Y (0) ≤ ·) and F1(·) = P (Y (1) ≤ ·) denote the unconditional

CDFs of Y (0) and Y (1) respectively. We observe T , Y = T · Y (1) + (1− T ) · Y (0), and

X, a vector of covariates. We have a random sample of size N .

2.2 Identification of F0 and F1

In the treatment effect model, we never observe Y (0) and Y (1) simultaneously, so there is

an identification problem due to the missing variable. We impose the unconfoundedness

assumption (Rosenbaum and Rubin (1983)) to obtain identification.

Assumption 2.1 (Unconfoundedness Assumption): (Y (0), Y (1)) ⊥ T
∣∣X.

(2012) allow for covariates in their model in a different way. In their framework, the variable of interest,

say Y , is allowed to be a function of covariates. That is, Y can be defined as Y = g(X, θ), where X

denotes a vector of covariates and g(·, θ) is a real-valued function known up to the finite dimensional

parameter θ. However, the dependence of the selection to treatment on covariates is not allowed in their

model.
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The unconfoundedness assumption requires that conditional on the observed individ-

ual characteristics, the treatment assignment is independent of the potential outcomes.

Let p(x) = P (T = 1|X = x) denote the propensity score function (Rosenbaum and Rubin

(1983, 1985)). Under Assumption 2.1, F1(z) and F0(z) are identified by

F0(z) = E

[
(1− T ) · 1(Y ≤ z)

1− p(X)

]
, F1(z) = E

[
T · 1(Y ≤ z)

p(X)

]
. (1)

The identification results in (1) are similar to the those of E[Y (1)] and E[Y (0)] in HIR

after we replace Y with indicator function 1(Y ≤ z).

2.3 Estimation of F0 and F1

Based on (1), the IPW estimators for F0(z) and F1(z) are:

F̂0(z) =
N∑
i=1

(1− Ti) · 1(Yi ≤ z)

1− p̂(Xi)

/ N∑
i=1

1− Ti
1− p̂(Xi)

, (2)

F̂1(z) =

N∑
i=1

Ti · 1(Yi ≤ z)

p̂(Xi)

/ N∑
i=1

Ti
p̂(Xi)

, (3)

where p̂(Xi) is a nonparametric estimator for p(x). As in HIR, we use the Series Logit

Estimator (SLE) to estimate p(x) based on power series. Let λ = (λ1, ..., λr)
′ ∈ Zr

+

be a r-dimensional vector of non-negative integers where Z+ denotes the set of non-

negative integers, and define the norm for λ as |λ| =
∑r

j=1 λj . Let {λ(k)}∞k=1 be a

sequence including all distinct λ ∈ Zr
+ such that |λ(k)| is non-decreasing in k and let

xλ =
∏r

j=1 x
λj

j . For any integer K, define RK(x) = (xλ(1), ..., xλ(K))′ as a vector of power

functions. Let L(a) = exp(a)/(1 + exp(a)) be the logistic CDF. The SLE for p(Xi) is

defined as p̂(x) = L
(
RK(x)′π̂K

)
where

π̂K = argmax
πk

1

N

N∑
i=1

(
Ti · lnL

(
RK(Xi)

′πK
)
+ (1− Ti) · ln

(
1− L

(
RK(Xi)

′πK
)))

.

The asymptotic properties of p̂(x) are discussed in Appendix A of HIR.2

One can use other nonparametric estimators to estimate the propensity score function

such as local polynomial estimators in Ichimura and Linton (2005), but one drawback of

this approach is that the estimated propensity score is not necessarily bounded away from

2All the asymptotic results of this paper will not change if one uses other distribution functions

to construct the series estimators for the propensity score and estimate F1 and F0 accordingly. For

example, one can use the standard normal distribution to construct the Series Probit Estimator. We use

SLE because the theory for SLE is established by HIR.
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zero and one in finite samples and proper trimming is required. However, the propensity

score function estimated by SLE is naturally bounded away from 0 and 1 and trimming

is not required. One can also use the imputation estimator to estimate F̂0(z) and F̂1(z),

e.g., Heckman, Ichimura, and Todd (1997, 1998), Heckman, Ichimura, Smith and Todd

(1998), and Hahn (1998). That is, F̂0(z) and F̂0(z) can be also estimated by

F̂0(z) =
1

N

N∑
i=1

F̂0(z|Xi), F̂0(z) =
1

N

N∑
i=1

F̂1(z|Xi)

where F̂0(z|x) and F̂1(z|x) are nonparametric estimators for F0(z|x) and F1(z|x) for all
x ∈ X . Under suitable assumptions, we expect that all the results discussed below still

hold for the imputation estimators. However, a potential drawback of this method is

that the estimated CDFs are not necessarily monotonically increasing.

2.4 Estimation of Quantile Functions

The quantile function q(t) for t ∈ [0, 1] of distribution function F (z) is defined as

q(t) = inf{z : F (z) ≥ t}.

In the case where F (z) is strictly increasing we have q(F (z)) = z and we can write

q(t) = F−1(t). The quantile functions of Y (0) and Y (1) are

q0(t) = inf{z : F0(z) ≥ t}, q1(t) = inf{z : F1(z) ≥ t}

for t ∈ [0, 1], which are estimated by

q̂0(t) = inf{z : F̂0(z) ≥ t}, q̂1(t) = inf{z : F̂1(z) ≥ t}.

3 Asymptotic Properties

3.1 Assumptions

In addition to the unconfoundedness assumption, we make the following assumptions

which are similar to those in HIR.

Assumption 3.1 (Distributions of Y (0) and Y (1)):

1. Y (0) and Y (1) have convex and compact supports [z0ℓ, z0u] and [z1ℓ, z1u]. Let Z =

[min{z0ℓ, z1ℓ},max{z0u, z1u}] and without loss of generality, assume that Z = [0, z̄]

with z̄ <∞.
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2. F0 and F1 are continuous functions on Z with F0(0) = F1(0) = 0.

Assumption 3.2 (Distribution of X):

1. The support of the r-dimensional covariate X is a Cartesian product of compact

intervals, X =
∏r

j=1[xℓj , xuj ].

2. The density of X is bounded and bounded away from 0, on X .

Let F0(z|x) and F1(z|x) be the conditional CDFs for Y (0) and Y (1) respectively.

Assumption 3.3 (Conditional Distributions of Y (0) and Y (1)):

1. For any given x ∈ X , F0(z|x) and F1(z|x) are continuous in z ∈ Z.

2. For any given z ∈ Z, F0(z|x) and F1(z|x) are continuously differentiable in x ∈ X .

Assumption 3.4 (Propensity Score): For all x ∈ X , the propensity score p(x) satis-

fies the following conditions:

1. p(x) is continuously differentiable of order s ≥ 7r, where r is the dimension of X .

2. p(x) is bounded away from zero and one: 0 < p ≤ p(x) ≤ p < 1.

Assumption 3.5 (Series Estimator): The SLE of p(x) uses a power series with

K = a ·Nν for some a > 0 and r/4(s− r) < ν < 1/9.

Remarks on the Assumptions:

1. Assumption 3.1 requires that Y (0) and Y (1) have compact supports. This is not

restrictive in that the theory regarding the CDF estimators remains the same when

Y (0) and Y (1) have support on the whole real line. However, to estimate the whole

quantile functions at the parametric rate, it is required that the density functions

of Y (0) and Y (1) are bounded away from 0 on their support and this rules out the

unbounded support case.3

3However, we can still estimate the quantile functions q0(t) and q1(t) for t ∈ [ϵ, 1− ϵ] for any 0 < ϵ <

1/2.
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2. Assumption 3.1 requires that Y (0) and Y (1) are continuous random variables on

Z. However, our results extend easily to cases where the probabilities of Y (0) and

Y (1) at 0 are strictly positive, as in our empirical examples where in fact we have

F0(0) > 0 and F1(0) > 0.4

3. Assumption 3.2 requires that all of the covariates are continuous. However, at

the expense of additional notation, we can deal with the case where X has both

continuous and discrete components. For example and for simplicity, let X1 be

a binary variable taking value on {0, 1} . Let the power series in the SLE be

RK(x) = (1(x1 = 0)R̃K(x−1)
′, 1(x1 = 1)R̃K(x−1))

′, where R̃K(x−1) is a vector of

power functions in x−1 ≡ (x2, . . . , xr). We can generalize this approach to deal

with discrete variables in the model.5

4. As in HIR, Assumption 3.4 ensures the existence of a ν satisfying the conditions in

Assumption 3.5. Note that our theory holds for any choices of a and ν such that

K = a ·Nν that satisfies Assumption 3.5, and how to pick K in finite sample is still

an open question. However, we also note that the simulation results in this paper

are not very sensitive to the choice of K.

5. Also, as noted by Khan and Tamer (2010), the assumption that the propensity

score is bounded away from zero and one plays an important role in determining

the convergence rate of inverse probability weighted estimators.

3.2 Asymptotic Properties of F̂0(z) and F̂1(z)

Define F̂ = (F̂0, F̂1)
′, F = (F0, F1)

′ and ζ = (z1, z2)
′ ∈ Z × Z.

Theorem 3.6 Suppose Assumptions 2.1 and 3.1-3.5 hold. Then

√
N(F̂(·)− F(·)) ⇒ Ψ(·),

where ⇒ denotes weak convergence, Ψ(·) is a two dimensional mean zero Gaussian process

with covariance functions Ω(ζ1, ζ2) = E[ψ(W, ζ1)ψ(W, ζ2)
′] where W ≡ {Y, T,X} and

4In this case, we are not able to estimate the whole quantile functions of the potential outcomes.
5This method is equivalent to sample splitting. That is, we split the sample into two groups based on

X1 = 0 andX1 = 0. Then we can estimate F̂0(z|X1 = 1) and F̂0(z|X1 = 0) because the unconfoundedness

assumption holds in the subgroups. Next, F̂0(z) is estimated by p̂x1 F̂0(z|X1 = 1)+(1− p̂x1)F̂0(z|X1 = 0),

where p̂x1 =
∑N

i=1 1(X1i = 1)/N .
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ψ(W, ζ) = (ψ0(W, z1), ψ1(W, z2))
′ with

ψ0(W, z) =
(1− T ) · 1(Y ≤ z)

1− p(X)
+
F0(z|X)

1− p(X)

(
T − p(X)

)
− F0(z),

ψ1(W, z) =
T · 1(Y ≤ z)

p(X)
− F1(z|X)

p(X)

(
T − p(X)

)
− F1(z),

and the convergence is in ℓ∞(Z)× ℓ∞(Z).6,7

To show Theorem 3.6, we first show that
√
N(F̂0(z)−F0(z)) and

√
N(F̂1(z)−F1(z))

are asymptotically equivalent to the following linear expressions respectively:

sup
z∈Z

∣∣∣√N(F̂0(z)− F0(z))−
1√
N

N∑
i=1

ψ0(Wi, z)
∣∣∣ = op(1),

sup
z∈Z

∣∣∣√N(F̂1(z)− F1(z))−
1√
N

N∑
i=1

ψ1(Wi, z)
∣∣∣ = op(1).

Second, we show that K0 = {ψ0(W, z)| z ∈ Z} and K1 = {ψ1(W, z)| z ∈ Z} are Donsker

classes. Note that the Cartesian product of two Donsker classes of functions is also a

Donsker class as in van der Vaart (2000, page 270). Hence, by Donsker’s Theorem or the

functional central limit theorem, Theorem 3.6 follows.

3.3 Asymptotic Properties of q̂0 and q̂1

We introduce some additional assumptions. Let f0(z) and f1(z) be the probability density

functions of Y (0) and Y (1).

Assumption 3.7 f0(z) and f1(z) are continuous and bounded away from 0 on [z0ℓ, z0u]

and [z1ℓ, z1u] respectively. Furthermore, f0(z) and f1(z) are continuously differentiable

of order 2.

Assumption 3.7 implies that F0(z) and F1(z) are strictly increasing on [z0ℓ, z0u] and

[z1ℓ, z1u], and the quantiles functions, q0(t) and q1(t), are well-defined on [0, 1]. Define

q̂ = (q̂0, q̂1)
′ , q = (q0, q1)

′ and τ = (t1, t2)
′ ∈ [0, 1]× [0, 1].

Theorem 3.8 Suppose Assumptions 2.1, 3.1-3.5 and 3.7 hold. Then

√
N(q̂(·)− q(·)) ⇒ Q(·),

6The weak convergence is in the sense of Definition 1.3.3 of van der Vaart and Wellner (1996).
7ℓ∞(Z) denotes the set of all bounded real function on Z.
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where Q(τ) = (Q0(t1),Q1(t2)) is a two dimensional mean zero Gaussian process such

that

Q0(t1) ≡ −Ψ0(q0(t1))

f0(q0(t1))
, Q1(t2) ≡ −Ψ1(q1(t2))

f1(q1(t2))
.

The convergence is in ℓ∞([0, 1])× ℓ∞([0, 1]).

Given that the quantile map is Hadamard differentiable, Theorem 3.8 follows from

the functional delta method. Theorem 3.8 extends Theorem 1 of Firpo (2007), which

focuses on the asymptotics of the pointwise quantiles to the asymptotics of the quantile

processes.

4 Simulating the Limiting Processes

4.1 Estimators for F0(z|x) and F1(z|x)

Before introducing the simulation-based method, we construct estimators for F0(z|x) and
F1(z|x) which are bounded between 0 and 1, monotonically increasing in z for any given

x, and converge in probability to F0(z|x) and F1(z|x) uniformly in both arguments z and

x. These estimators play important roles in the simulation-based method.

Let F̃0(z|x) and F̃1(z|x) be the series estimators for F0(z|x) and F1(z|x):

F̃0(z|x) =

(
N∑
i=1

1(Yi ≤ z)(1− Ti)

1− p̂(Xi)
RK(Xi)

)′( N∑
i=1

RK(Xi)R
K(Xi)

′

)−1

RK(x),

F̃1(z|x) =

(
N∑
i=1

1(Yi ≤ z)Ti
p̂(Xi)

RK(Xi)

)′( N∑
i=1

RK(Xi)R
K(Xi)

′

)−1

RK(x), (4)

where RK(x) is the same power series used in SLE estimator. For any given x, F̃0(z|x)
and F̃1(z|x) are step functions in z with jumps at Yi’s. It is true that F̃0(z|x) and F̃1(z|x)
converge in probability to F0(z|x) and F1(z|x) uniformly in both arguments z and x, but

they are not necessarily bounded between 0 and 1 and are not necessarily monotonically

increasing in z for any given x. However, we can construct estimators for F0(z|x) and

F1(z|x) satisfying all requirements based on F̃0(z|x) and F̃1(z|x).8

Without loss of generality, we assume that there are no ties between Yi’s and we

add Y(0) = 0 and Y(N+1) = z̄. Let Y(i) denote the i-th smallest element among the Yi’s

8Instead of the series estimators, one can also use kernel estimators to estimate F0(z|x) and F1(z|x)
so that the monotonicity and boundedness between 0 and 1 hold directly. Our main results still hold if

the kernel estimators have the properties in Lemma 4.1.
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so that we have 0 = Y(0) < Y(1) < · · · < Y(N) < Y(N+1) = z̄. We define F̂0(z|x) by

induction. Define F̂0(z|x) = F̃0(z|x) = 0 for Y(0) ≤ z < Y(1) and F̂0(Y(N+1)|x) = 1.

Suppose F̂0(z|x) = 0 is defined for Y(0) ≤ z < Y(i), then we define for Y(i) ≤ z < Y(i+1)

F̂0(z|x) =F̂0(Y(i−1)|x) · 1
(
0 ≤ F̃0(Y(i)|x) ≤ F̂0(Y(i−1)|x)

)
+ F̃0(Y(i)|x) · 1

(
F̂0(Y(i−1)|x) < F̃0(Y(i)|x) ≤ 1

)
+ 1
(
F̃0(Y(i)|x) > 1

)
.

The idea is that if F̃0(z|x) jumps down at Y(i), then we set F̂0(z|x) = F̂0(Y(i−1)|x) for

Y(i) ≤ z < Y(i+1). At the same time, we trim F̃0(z|x) between 0 and 1 by defining

F̂0(z|x) = 0 when F̃0(z|x) < 0 and defining F̂0(z|x) = 1 when F̃0(z|x) > 1. And

F̂1(z|x) = 0 is defined in the same way. The properties of F̂0(z|x) and F̂1(z|x) are

summarized in the following lemma.9

Lemma 4.1 Suppose Assumptions 2.1 and 3.1-3.5 hold. Then for any given x, F̂0(z|x)
and F̂1(z|x) are bounded between 0 and 1 and monotonically increasing in z, and

sup
z∈Z,x∈X

|F̂0(z|x)− F0(z|x)| = op(1), sup
z∈Z,x∈X

|F̂1(z|x)− F1(z|x)| = op(1).

It is easy to check that F̂0(z|x) and F̂1(z|x) are bounded between 0 and 1, and

monotonically increasing in z. The last part of Lemma 4.1 follows from the facts that

supz∈Z,x∈X |F̃0(z|x)−F0(z|x)| = op(1) and supz∈Z |F̂0(z|x)−F0(z|x)| ≤ supz∈Z |F̃0(z|x)−
F0(z|x)| for all x ∈ X . Note that the compactness of X is needed to obtain the uniform

result. Similar arguments apply to F̂1(z|x).

4.2 Simulating Ψ(ζ)

Let U1, U2,... be i.i.d. random variables with mean equal to 0 and variance 1 and be

independent of the sequence W ≡ W∞ = {W1,W2, ...}. For all ζ ∈ Z × Z define the

simulated stochastic processes as Ψu(ζ) = (Ψu
0(z1),Ψ

u
1(z2))

′ with

Ψu
0(z1) =

1√
N

N∑
i=1

Ui

((1− Ti) · 1(Yi ≤ z1)

1− p̂(Xi)
− F̂0(z1) + (T − p̂(Xi))

F̂0(z1|Xi)

1− p̂(Xi)

)
Ψu

1(z2) =
1√
N

N∑
i=1

Ui

(Ti · 1(Yi ≤ z2)

p̂(Xi)
− F̂1(z2)− (Ti − p̂(Xi))

F̂1(z2|Xi)

p̂(Xi)

)
. (5)

9Note that an alternative to this method of monotonization is the rearrangement method of Cher-

nozhukov, Fernandez-Val and Galichon (2010).
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Lemma 4.2 Suppose Assumptions 2.1 and 3.1-3.5 hold. Then Ψu(·) ⇒ Ψ(·) conditional
on sample path W with probability approaching 1 (w.p.a. 1) which is denoted by Ψu(·) p⇒
Ψ(·).10

Lemma 4.2 shows that we can approximate Ψ(·) by the simulated stochastic process

Ψu(·). To show this, we first show that N−1/2
∑N

i=1 Uiψ(Wi, ·)
p⇒ Ψ(·) by the conditional

multiplier central limit theorem (Theorem 2.9.6 of van der Vaart and Wellner (1996)).

Second, we show that the effect of estimation errors of F̂0(z), F̂1(z), p̂(Xi), F̂0(z|Xi) and

F̂1(z|Xi) will disappear in the limit. Monotonicity of F̂0(z|Xi) and F̂1(z|Xi) plays an

important role in the second part of the proof.

4.3 Simulating Q(τ)

We first introduce uniformly consistent IPW kernel estimators for f0(z) and f1(z) in Z
which plays an important role when showing that the estimation error of the proposed

simulated process is asymptotically negligible.

Let h denote the bandwidth, which depends on sample size N, and K(u) a kernel

function. Define f̃0(z) and f̃1(z) as

f̃0(z) =
1

Nh

N∑
i=1

1− Ti
1− p̂(Xi)

K

(
Yi − z

h

)
,

f̃1(z) =
1

Nh

N∑
i=1

Ti
p̂(Xi)

K

(
Yi − z

h

)
.

10The conditional weak convergence is in the sense of Section 2.9 of van der Vaart and Wellner (1996)

and Chapter 2 of Kosorok (2008). To be more specific, Ψu
n

p⇒ Ψ in the metric space (D, d) if and only if

supf∈BL1
|Euf(Ψ

u
n)−Ef(Ψ)| p→ 0 and Euf(Ψ

u
n)

∗−Euf(Ψ
u
n)∗

p→ 0, where the subscript u in Eu indicates

conditional expectation over the weights Ui’s given the remaining data, BL1 is the space of functions

f : D → R with Lipschitz norm bounded by 1, and f(Ψu
n)

∗ and f(Ψu
n)∗ denote measurable majorants and

minorants with respect to the joint data including the Ui’s. We use the notation Ψu
n

a.s.⇒ Ψ to mean the

same thing except with all
p→’s replaced by

a.s.→ ’s. Note that by Lemma 1.9.2 (ii) of van der Vaart and

Wellner (1996),it is true that Ψu
N

p⇒ Ψ if and only if every subsequence kN of N has a further subsequence

ℓN of kN such that Ψu
ℓN

a.s.⇒ Ψ.
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The estimators for f0(z) and f1(z) are defined as

f̂0(z) =


f̃0(z0ℓ + h) if z ∈ [z0ℓ, z0ℓ + h],

f̃0(z) if z ∈ [z0ℓ + h, z0u − h],

f̃0(z̄ − h) if z ∈ (z0u − h, z0u],

f̂1(z) =


f̃1(z1ℓ + h) if z ∈ [z1ℓ, z1ℓ + h],

f̃1(z) if z ∈ [z1ℓ + h, z1u − h],

f̃1(z̄ − h) if z ∈ (z1u − h, z1u],

It is well known that the density estimator f̃0(z) is in general inconsistent around the

boundary points z0ℓ and z0u. So is f̃1(z). Therefore, we modify f̃0(z) and f̃1(z) around

the boundary points to obtain uniformly consistent estimators for f0(z) and f1(z). This

method is also used in Donald, Hsu and Barrett (2012). We make the following assump-

tions on K(u) and h.

Assumption 4.3 Suppose K(u) is non-negative and has support [−1, 1]. K(u) is sym-

metric around 0 and is continuously differentiable of order 1. The bandwidth h satisfies

h→ 0, Nh4 → ∞ and Nh/ logN → ∞ when N → ∞.

Lemma 4.4 Suppose Assumptions 2.1, 3.1-3.5, 3.7 and 4.3 hold. Then supz∈[z0ℓ,z0u] |f̂0(z)−
f0(z)| = op(1) and supz∈[z1ℓ,z1u] |f̂1(z)− f1(z)| = op(1).

We define the simulated processes as Qu(τ) = (Qu
0(t1),Qu

1(t2))
′ with

Qu
0(τ) = −Ψu

0(q̂0(t1))

f̂0(q̂0(t1))
, Qu

1(t2) = −Ψu
1(q̂1(t2))

f̂1(q̂1(t2))
.

Theorem 4.5 Suppose all conditions in Lemma 4.4 hold. Then Qu(·) p⇒ Q(·).

Theorem 4.5 shows that Qu(τ) can approximate Q(τ) well. The results regarding

quantile functions allow us to test for the Lorenz dominance relations between the po-

tential outcomes and to test for the quantile average treatment effects over a continuum

of quantile indexes.

5 Tests for Stochastic Dominance

To demonstrate the usefulness of our results, we construct tests for the stochastic domi-

nance relations between the distributions of the potential outcomes.

Determining stochastic dominance relations is important in social welfare compar-

isons. Let WU (H) denote a social welfare function of the form WU (H) =
∫
U(z)dH(z)
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where H is the distribution of income and U is any utility function. Let H1 and H2 be

two CDFs. H1 first order stochastically dominates (SD1) H2 iff the welfare of H1 will be

greater than or equal to that of H2 for any welfare function based on any monotonically

increasing utility function, i.e.,WU (H1) ≥WU (H2) for all U(z) such that U ′(z) ≥ 0. First

order stochastic dominance can also be defined in terms of the underlying distributions.

That is, H1 SD1 H2 iff H1(z) ≤ H2(z) for all z ∈ R.
First order stochastic dominance requires that the welfare function gives the same

ordering over the class of monotonically increasing functions. This requirement may be

too strong, so it is of interest to consider the weaker notion of higher order stochastic

dominance. The importance of higher order stochastic dominance is discussed by Mc-

Fadden (1989), Anderson (1996), Davidson and Duclos (2000), and Barrett and Donald

(2003). Second order stochastic dominance (SD2) of H1 over H2 requires that the welfare

function gives the same ordering for any monotonically increasing and concave function

U , i.e., U ′(z) ≥ 0 and U ′′(z) ≤ 0. Similarly, H1 SD2 H2 iff
∫ z
0 H1(t)dt ≤

∫ z
0 H2(t)dt for

all z. Furthermore, it is true that first order stochastic dominance implies second order

stochastic dominance, but not vice versa.11 We discuss the test for first order stochastic

dominance in detail and briefly present the extension to higher order stochastic domi-

nance cases.

5.1 Hypothesis Formulation

We formulate the hypotheses regarding Y (1) SD1 Y (0) as follows:

H0 : F1(z) ≤ F0(z) for all z ∈ Z;

H1 : F1(z) > F0(z) for some z ∈ Z. (6)

5.2 Test Statistic and Decision Rule

The KS statistic is

ŜN =
√
N sup

z∈Z

(
F̂1(z)− F̂0(z)

)
. (7)

Given a critical value c which will be defined later, the decision rule of the test is:

Reject H0 if ŜN > c.

11The stochastic dominance relation can be extended to any order. For example, j-th order stochastic

dominance (SDj) of F1 over F0 requires that the welfare function gives the same ordering for any U such

that (−1)kU (k)(z) ≤ 0 for k = 1,..., j. It is also true that SDj implies SD(j + 1), but not vice versa.
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Note that the calculation of ŜN involves taking the supremum over a compact set

that might seem difficult in practice. However, given F̂0(z) and F̂1(z) are both step

functions, we have F̂1(z) − F̂0(z) is a step function in z with jumps at Yi for all i =

1, . . . , N . As a result, we can exactly calculate ŜN , since ŜN =
√
N max{F̂1(z)−F̂0(z)|z =

0, z̄, Y1, ..., YN}, which only involves taking maximum over a finite number of values.

5.3 Least Favorable Configuration

When the null hypothesis involves an inequality, the set of points satisfying the null

hypothesis is usually not a singleton. For example, if we fix F1(z), there will be infinitely

many F0(z) satisfying F1(z) ≤ F0(z) for all z ∈ Z. The typical way to resolve this is to

apply the least favorable configuration (LFC) to find a point in the null hypothesis least

favorable to the alternative hypothesis.

To obtain the LFC for our test, note that for any z

F̂1(z)− F̂0(z) = (F̂1(z)− F̂0(z))− (F1(z)− F0(z)) + (F1(z)− F0(z))

≤ (F̂1(z)− F̂0(z))− (F1(z)− F0(z)).

The second inequality holds because under the null hypothesis F1(z)− F0(z) ≤ 0 for all

z. It follows that

ŜN =
√
N sup

z∈Z
(F̂1(z)− F̂0(z)) ≤

√
N sup

z∈Z

(
(F̂1(z)− F̂0(z))− (F1(z)− F0(z))

)
.

The statistic is never greater than
√
N
(
(F̂1(z) − F̂0(z)) − (F1(z) − F0(z))

)
no matter

what F1 and F0 are, and the equality holds if and only if F1(z) − F0(z) = 0 for all z.

This suggests that the LFC is the point where F1(z) = F0(z) for all z ∈ Z. We define

S ≡ supz∈Z(Ψ1(z) − Ψ0(z)) which is the limiting null distribution under the LFC. If a

null hypothesis is rejected under the LFC, then it will be rejected regardless of which

point we use in the null hypothesis to construct the null distribution. Hence, a test based

on the LFC is usually conservative in that the type I error of the test can be strictly

smaller than the pre-determined level. We construct our tests based on the LFC.12

5.4 Simulated Critical Value, and Size and Power Properties

To obtain the critical value, we first approximate S, limit of the KS test statistic under

the LFC, by Su = supz(Ψ
u
1(z)−Ψu

0(z)). Because the supremum operator is a continuous

12To keep this paper more focused, we do not employ the recentering method or generalized moment

selection method as in Donald and Hsu (2010), Andrews and Shi (2011), and Linton, Song and Whang

(2010) to construct more powerful tests without resorting to LFC, but the extension of our tests to this

case is straightforward.
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function, then by the continuous mapping theorem we can show that Su converges in

distribution to S conditional on W w.p.a. 1. As a result, given the significance level α0,

the simulated critical value ĉ is defined as the (1− α0)-th quantile of Su such that

ĉ = sup{q|Pu(Su ≤ q) ≤ 1− α0}.

Let c0 = sup{q|P (S ≤ q) ≤ 1−α0}, the (1−α0)-th quantile of S. If α0 < 1/2, ĉ converges

in probability to c0.

Theorem 5.1 Suppose Assumptions 2.1 and 3.1-3.5 hold and α0 < 1/2. If we reject the

H0 in (6) when ŜN > ĉ, then:

1. if H0 is true, lim supP (reject H0) = lim supP (ŜN > ĉ) ≤ α0 where the equality

holds when F0(z) = F1(z) for all z ∈ Z.

2. if H0 is false, limN→∞ P (reject H0) = 1.

Theorem 5.1 shows that the size of our test will never be greater than the pre-specified

significance level asymptotically and that our test is consistent in the sense that it will

reject the null hypothesis with probability approaching 1 when the null hypothesis is false.

The first part holds with inequality instead of equality because our test is constructed

based on the LFC. In fact, when F1(z) ≤ F0(z) for all z ∈ Z and F1(z) < F0(z) for some

z ∈ Z, then the asymptotic size will be strictly smaller than α0.

Next, we show that the probability of rejection is larger than α0 under a sequence

of local alternatives that converge at rate N−1/2 to the least favorable case. Let F1,N (z) =

E[F1(z|X)+δ1(z,X)/
√
N ] and F0,N (z) = E[F0(z|X)+δ0(z,X)/

√
N ] such that E[F1(z|X)] =

E[F0(z|X)] for all z ∈ Z, and δ(z) ≡ E[δ1(z|X) − δ0(z|X)] ≥ 0 for all z and the strict

inequality holds for some z.13 Define the local alternatives as

H1,N : F1,N (z)− F0,N (z) =
δ(z)√
N
. (8)

Theorem 5.2 Suppose Assumptions 2.1 and 3.1-3.5 hold for each N and α0 < 1/2.

Under the local alternatives (8), limN→∞ P (reject H0) > α0.

Theorem 5.2 shows the local power of our test is strictly greater than α0 under local

alternatives that converge to the least favorable case and the deviation (δ(z)) is non-

negative for all z ∈ Z.

Remarks:
13For each N , we assume that F1(z|x)+δ1(z, x)/

√
N and F0(z|x)+δ0(z, x)/

√
N satisfy all the regularity

conditions introduced in Section 3.
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1. Note that all of our results introduced so far crucially depend on the validity of the

unconfoundedness assumption. If the unconfoundedness assumption is not correct,

our results have to be interpreted more carefully. To the best of our knowledge, the

only direct test for this assumption is proposed by Donald, Hsu and Lieli (2011),

although their test only applies to cases where there is a valid binary instrument

variable for the treatment indicator satisfying the one-sided non-compliance as-

sumption.14,15 There are indirect methods to assess the unconfoundedness assump-

tion, (e.g., Rosenbaum (1987), Heckman, Ichimura and Todd (1997), and Heckman

and Hotz (1989)) that test whether a treatment effect that is known to be zero is

actually zero. However, these tests are indirect in that the rejections of these tests

are interpreted as “weakening” the unconfoundedness assumption. Please refer to

Imbens and Wooldridge (2009, Section 5.11) for a review on these indirect tests.

2. So far, we construct our test based on the critical value method; however, one can

also implement our test based on the p-value method. Define the p-value of our

test as p̂(ŜN ) = P (Su > ŜN ). For α0 < 1/2, we reject H0 when p̂(ŜN ) < α0. It is

true that for a given α0 < 1/2, ŜN > ĉ iff p̂(ŜN ) < α0. Therefore, the critical value

method and the p-value method are equivalent.

3. Note that our test without any covariate is equivalent to Barrett and Donald’s

(2003) test with the p-values generated by their equation (6) which is labeled as

the KS2 method in their simulations. To see this, define N1 =
∑

i Ti and N0 =∑
i(1−Ti) which are the numbers of the treated individuals and the untreated ones

respectively. When there are no covariates, the only regressor in the SLE is the

constant term and we have p̂ = N1/N , the proportion of treated individuals. Also,

we have
∑

i Ti/p̂ = N and
∑

i(1− Ti)/(1− p̂) = N . Therefore,

F̂1(z) =
1

N

N∑
i=1

Ti · 1(Yi ≤ z)

p̂
=

1

N

N∑
i=1

Ti · 1(Yi ≤ z)
N1
N

=
1

N1

∑
{i:Ti=1}

1(Yi ≤ z),

which is the empirical CDF based on the treated individuals. Similarly, F̂0(z) is

the empirical CDF based on the untreated individuals. As a result,

ŜN =
√
N sup

z∈Z
(F̂1(z)− F̂0(z)) =

√
N2

N1N0

(√
N1N0

N
sup
z∈Z

(F̂1(z)− F̂0(z))

)
,

14For a direct test, we mean that a rejection of the null hypothesis is interpreted as a failure of the

unconfoundness assumption.
15Please refer to Donald, Hsu and Lieli (2011) for more details regarding their tests and the definitions

of the validity of an IV and the one-sided non-compliance assumption.
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where the term in the largest parentheses is the test statistic of Barrett and Donald’s

(2003). Similarly, we can rewrite Ψu(z) as

Ψu(z) =
1√
N

N∑
i=1

Ui

{Ti · (1(Yi ≤ z)− F̂1(z))

p̂(Xi)
− (1− Ti) · 1(Yi ≤ z)− F̂0(z)

1− p̂(Xi)

}

=

√
N2

N1N0

√N1N0

N

( 1

N1

∑
{i:Ti=1}

Ui{1(Yi ≤ z)− F̂1(z)}

− 1

N0

∑
{i:Ti=0}

Ui{1(Yi ≤ z)− F̂0(z)}
) ,

where the term in the largest parentheses is the simulated process of Barrett and

Donald’s (2003). These imply that the simulated null distribution and the critical

value of our test are those of Barrett and Donald’s (2003) with a rescale factor√
N2

N1N0
. Therefore, the tests will be identical in this special case. For Barrett and

Donald’s (2003) test to work, it is required that the treatment is randomly assigned,

i.e. (Y (0), Y (1), X) ⊥ T . In this case, F0(z) = E[1(Y ≤ z)|D = 0] = F (z|T = 0)

and F1(z) = E[1(Y ≤ z)|D = 1] = F (z|T = 1), so their test based on the treated

sample and the untreated sample works. Furthermore, the random assignment

assumption also implies that that (Y (0), Y (1)) ⊥ T |X1 for any X1 ⊆ X, so we

can implement our tests based on any subset of X. However, if the treatment

assignment is not random, but only unconfounded conditional on some covariates,

then F (z|T = 0) = E[1(Y ≤ z)|T = 0] and F (z|T = 1) = E[1(Y ≤ z)|T = 1] are

not equal to F0(z) and F1(z) in general and their test will be invalid whereas our

test will be valid. In this sense, our test is more robust.

4. The simulation we propose is different from the bootstrap procedure in Maier

(2011). One difference is that our procedure does not require repeated estima-

tion of the various nonparametric components including the propensity score based

on the SLE. It is an open question as to which is better in practice.
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5.5 Tests for Higher Order Stochastic Dominance

Let Ij(.;G) be the functional that integrates the function G to order j − 1 so that

I1(z;G) =G(z),

I2(z;G) =
∫ z

0
G(t)dt =

∫ z

0
I1(t;G)dt,

...

Ij(z;G) =
∫ z

0
Ij−1(t;G)dt.

Accordingly, F1 SDj F0 corresponds to Ij(z;F1) ≤ Ij(z;F0) for all z. Hence, the hy-

potheses for F1 SDj F0 are:

Hj
0 : Ij(z;F1) ≤ Ij(z;F0) for all z ∈ Z;

Hj
1 : Ij(z;F1) > Ij(z;F0) for some z ∈ Z.

Define the statistic as

Ŝj
N =

√
N sup

z∈Z
Ij(z; F̂1 − F̂0).

As in Davidson and Duclos (2000), and Barrett and Donald (2003), one can show

that

Ij(z; F̂1) =
1

N

N∑
i=1

1

(j − 1)!

Ti
p̂(Xi)

1(Yi ≤ z)(z −Xi)
j−1,

which is a piecewise polynomial as is Ij(z; F̂0). As a result, Ij(z; F̂1 − F̂0) = Ij(z; F̂1)−
Ij(z; F̂0) is also a piecewise polynomial and the supremum of it can be computed simply.16

The LFC in this case is the point where Ij(z;F1) = Ij(z;F0) for all z. Note that

Ij(z;F1) = Ij(z;F0) for all z if and only if F1(z) = F0(z) for all Z. Hence, the limiting

random variable under the LFC is S
j
= supz∈Z Ij(z; Ψ). The simulated critical value ĉj

with significance level α0 is defined as the (1−α0)-th quantile of S
j
u = supz∈Z Ij(z; Ψu).

The size and power properties of the test of higher order stochastic dominance and the

16In the empirical implementation, we use the left Riemann sum to approximate the I2(z; F̂1− F̂0) and

Ŝ2
N for a given set of gridpoints. Let 0 = z0 < z1 < ... < zk = z̄ and we approximate I2(zj ; F̂1 − F̂0) and

Ŝ2
N respectively by

I2(zj ; F̂1 − F̂0) =

j−1∑
ℓ=0

(
F̂1(zℓ)− F̂0(zℓ)

)
(zℓ+1 − zℓ), Ŝ2

N = max
j=1,...,k

I2(zj ; F̂1 − F̂0).
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proof are similar to the first order stochastic dominance case, and we omit the state-

ments.17

6 Estimation among the Treated Group

In general, researchers are interested not only in a relation between the potential outcomes

across the whole population, but also between the potential outcomes in certain sub-

populations such as the treated. In this section we extend our estimation results and the

simulation method to the treated subpopulation.

Let F t
0(z) = E[1(Y (0) ≤ z)| T = 1] and F t

1(z) = E[1(Y (1) ≤ z)| T = 1] denote the

conditional CDFs of the potential outcomes of the treated. Similar to (1), F t
0(z) and

F t
1(z) are identified by

F t
0(z) = E

[
p(X)(1− T ) · 1(Y ≤ z)

1− p(X)

]/
E

[
p(X)(1− T )

1− p(X)

]
,

F t
1(z) = E [T · 1(Y ≤ z)]

/
E[T ], (9)

Based on (9), we estimate F t
0(z) and F

t
1(z) by

F̂ t
0(z) =

1

N

N∑
i=1

p̂(Xi)(1− Ti) · 1(Yi ≤ z)

1− p̂(Xi)

/
p̂0, F̂ t

1(z) =
1

N

N∑
i=1

Ti · 1(Yi ≤ z)
/
p̂1,

where

p̂0 =
1

N

N∑
i=1

p̂(Xi)(1− Ti)

1− p̂(Xi)
, p̂1 =

1

N

N∑
i=1

Ti.

Also, we estimate the quantile functions on the treated by

q̂t0(t) = inf{z : F̂ t
0(z) ≥ t}, q̂t1(t) = inf{z : F̂ t

1(z) ≥ t}.

Let f t0(z) and f
t
1(z) be the probability density functions of Y (0) and Y (1) conditional on

the treated.

We modify Assumption 3.1 for the treated case.

Assumption 6.1 (Conditional Distributions of Y (0) and Y (1) on the Treated):

1. F t
0(z) and F

t
1(z) have supports [z0ℓ, z0u] and [z1ℓ, z1u].

17The proof can be done by applying continuous mapping theorem because the integral operator Ij is

a continuous function from ℓ∞(Z) to ℓ∞(Z).
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2. F t
0(z) and F t

1(z) are continuous functions on [z0ℓ, z0u] and [z1ℓ, z1u] with F
t
0(0) =

F t
1(0) = 0.

3. f t0(z) and f
t
1(z) are continuous and bounded away from 0 on [z0ℓ, z0u] and [z1ℓ, z1u].

Furthermore, f t0(z) and f
t
1(z) are continuously differentiable of order 2.

The following theorem similar to Theorem 3.6 summarizes the asymptotics of the

estimators. Define F̂t = (F̂ t
0, F̂

t
1)

′, Ft = (F t
0, F

t
1)

′, q̂t = (q̂t0, q̂
t
1)

′, and q = (qt0, q
t
1)

′.

Theorem 6.2 Suppose Assumptions 2.1, 3.2-3.5 and 6.1 hold. Then

√
N(F̂t(·)− Ft(·)) ⇒ Ψt(·),

√
N(q̂t(·)− qt(·)) ⇒ Qt(·),

where Ψt(·) is a two dimensional mean zero Gaussian process with covariance functions

Ωt(ζ1, ζ2) = E[ψt(W, ζ1)ψ
t(W, ζ2)

′] where ψ(W, ζ) = (ψt
0(W, z1), ψ

t
1(W, z2))

′ with

ψt
0(W, z) =

1

E[T ]

(p(X)(1− T )
(
1(Y ≤ z)− F0(z|X))

1− p(X)
+ T

(
F0(z|X)− F t

0(z)
))
,

ψt
1(W, z) =

1

E[T ]

(
T · (1(Y ≤ z)− F t

1(z))
)
,

and Qt(τ) = (Qt
0(t1),Qt

1(t2)) is a two dimensional mean zero Gaussian process such that

Qt
0(t1) ≡ −Ψt

0(q
t
0(t1))

f t0(q
t
0(t1))

, Qt
1(t2) ≡ −Ψt

1(q
t
1(t2))

f t1(q
t
1(t2))

.

To describe the simulation method here we first define f̃ t0(z) and f̃
t
1(z) as

f̃0(z) =
1

Nh

N∑
i=1

p̂(Xi)(1− Ti)

1− p̂(Xi)
K

(
Yi − z

h

)/
p̂0, f̃1(z) =

1

Nh

N∑
i=1

TiK

(
Yi − z

h

)/
p̂1.

The estimators for f t0(z) and f
t
1(z) are defined as

f̂ t0(z) =


f̃ t0(z0ℓ + h) if z ∈ [z0ℓ, z0ℓ + h],

f̃ t0(z) if z ∈ [z0ℓ + h, z0u − h],

f̃ t0(z̄ − h) if z ∈ (z0u − h, z0u],

f̂ t1(z) =


f̃ t1(z1ℓ + h) if z ∈ [z1ℓ, z0ℓ + h],

f̃ t1(z) if z ∈ [z1ℓ + h, z1u − h],

f̃ t1(z̄ − h) if z ∈ (z1u − h, z1u],
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The simulated stochastic processes are defined as

Ψu
0,t(z) =

1√
N

N∑
i=1

Ui

p̂0

( p̂(Xi)(1− Ti)
(
1(Yi ≤ z)− F̂0(z|Xi))

1− p̂(Xi)
+ Ti

(
F̂0(z|Xi)− F̂ t

0(z)
))
,

Ψu
1,t(z) =

1√
N

N∑
i=1

Ui

p̂1

(
Ti · 1(Yi ≤ z)− F̂ t

1(z))
)
,

Qu
0,t(t) = −

Ψu
0,t(q̂

t
0(t))

f̂ t0(q̂
t
0(t))

, Qu
1,t(t) = −

Ψu
1,t(q̂

t
1(t))

f̂ t1(q̂
t
1(t))

.

Similar to Theorem 4.2 and Theorem 4.5, we can show that Ψt(·) and Qt(·) can be

approximated by Ψu
t (·) = (Ψu

0,t(·),Ψu
1,t(·)) and Qu

t (·) = (Qu
0,t(·),Qu

1,t(·)). Extending the

stochastic dominance tests to the treated cases is also straightforward.

7 Simulations

In this section we conduct small-scale Monte Carlo studies to illustrate the power and

size properties of our tests.

Example 7.1 Let the data generating process (DGP) be:

X = 0.3 + 0.4Ux, T = 1(Ut < X),

Y (0) = 1(Uy0 ≤ X)
U2
y0

X
+ 1(Uy0 > X)Uy0 ,

Y (1) = 1(Uy1 ≤ 1−X)
U2
y1

1−X
+ 1(Uy1 > 1−X)Uy1 ,

Y = TY (1) + (1− T )Y (0),

where Ux, Ut, Uy0 and Uy1 are independent uniform distributions over [0, 1].

In Example 7.1, T is independent of (Y (0), Y (1)) conditional on X , i.e. T is uncon-

founded. This example is used to examine the size properties of the test. The uncon-

ditional CDFs of Y (0) and Y (1) are identical, so Y (1) SD1 Y (0). In this case we are

interested in whether the simulation gives a test with approximately nominal size (5%).

We can also show that F1(z|T = 1) ≤ F0(z|T = 1) for all z, which implies that Y (1)

conditional on the treated SD1 Y (0) conditional on the treated. In this case, we expect

test to have size less than nominal since it is based on the LFC.
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Example 7.2 Let the DGP be:

X = 0.3 + 0.4Ux, T = 1(Ut < X),

Y (0) = Uy0 ,

Y (1) = 1(Uy1 ≤ X)
U2
y1

X
+ 1(Uy1 > X)Uy1 ,

Y = TY (1) + (1− T )Y (0),

where Ux, Ut, Uy0 and Uy1 are independent uniform distributions over [0, 1].

In Example 7.2, Y (1) does not SD1 Y (0) conditional on X, because F1(z|X) >

F0(z|X) for all 0 < z ≤ X and F1(z|X) = F0(z|X) for all 1 > z > X. It follows that

Y (1) does not SD1 Y (0) unconditionally and conditional on the treated group because

F1(z) > F0(z) and F
t
1(z) > F t

0(z) for all 0 < z ≤ X. We use this example to examine the

power properties of our tests.

We first set the sample sizes N = 200. The Ui’s used to simulate the Gaussian

processes, are iid standard normal. The rejection rate is calculated based on 1,000 sim-

ulations, and for each simulation the p-value is approximated by 1,000 repetitions. We

use all of the different values of Yi as the gridpoints to compute the test statistics as

well as the suprema of the simulated stochastic processes. The propensity score function

is estimated by SLE with the power series: 1, X and X2. The significance level is 5%.

Table 1 summarizes the rejection rates for different cases.

The rejection rates corresponding to Example 7.1 are 5.8% and 4.1% indicating that

the procedure has size properties consistent with the theory even in a very small sample.

The null hypotheses are violated in Example 7.2 and we find that the rejection rates are

between 43.7% and 45.1% indicating that the procedure is able to detect violations of the

null hypothesis. When we redo the simulations with sample size N = 400, we estimate

the propensity score function using: 1, X, X2 and X3. The rejection rates under the

null and alternative hypotheses suggest if anything that size is closer to nominal in the

LFC case, is slightly more conservative for the null in the treated case and that power is

increased in the larger sample size. These results, though limited, suggest that even in

very small samples the procedures have good properties.

8 Empirical Illustration

We apply our test to the data from National Supported Work Demonstration (NSW)

job training program. These data sets were first analyzed by LaLonde (1986) and sub-

sequently by Heckman and Hotz (1989), Dehejia and Wahba (1999), Imbens (2003),
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Smith and Todd (2001, 2005), Firpo (2007b), Abadie and Imbens (2011), and Wooldridge

(2002). For a detailed description of the NSW data, please refer to LaLonde (1986).

The data sets we use correspond to the sub-samples termed ”RE74 subset” and

”PSID-1” in Dehejia and Wahba (1999). The treatment variable T is equal to 1 if the

individual participates in the job training. RE74 subset contains an experimental sample

from a randomized evaluation of the NSW program in which 185 individuals receive the

treatment and 260 do not. PSID-1 contains the experimental participants in the RE74

subset and a nonexperimental comparison group with 2490 individuals from the PSID.

We plot the empirical CDFs for the treated and untreated groups for both data sets in

Figure 1.

We are interested in the distributional effect of the job training program on earnings in

1978. We only apply the tests for the whole group to RE74 subset, because the treatment

is randomly assigned in this subset, which implies the CDFs for the whole group are the

same as the CDFs for the treated group. Our tests are implemented for three different

estimates of the propensity score. In the first one, we do not include any covariates. In the

second one, we use age as the only covariate in the conditioning set, and a constant, age

and the squared age are the regressors in the SLE. In the last one, we use the specification

in Example 18.2 of Wooldridge (2002), which includes a constant, age, the squared age,

real earnings in 1974 and 1975, a binary high school degree indicator, marital status,

and dummy variables for black and Hispanic in the SLE. Since affine transformations

preserve the stochastic dominance relations, we apply an affine transformation on the

outcome variables so that the minimum is 0 and maximum is 1. We use all different

values of transformed outcome variables as the gridpoints. The p-values for various tests

are approximated by 10,000 repetitions. Test statistics and p-values regarding various

specifications are summarized in Table 2. The estimated CDFs and integrated CDFs

under different specifications are summarized in Figure 2.

We find that the testing results are robust to the different estimates of the propensity

score. We accept that the 1978 real earnings under job training first-order and second-

order stochastically dominates that without job training since all of the p-values are equal

to 1. Regarding stochastic dominance of the outcome without job training against that

under job training, we reject first-order stochastic dominance at the 5% significance level

and reject second-order stochastic dominance at the 1% significance level.

We apply our test on the treated to PSID-1 as Firpo (2007b) suggests, since the

non-experimental comparison group is essentially different from the treated group. We

conduct our tests according to three different estimates of the propensity score. One is
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Wooldridge’s (2002), which is used in previous empirical example. Another is proposed by

Dehejia andWahba (1999) in which in addition to those regressors in Wooldridge’s (2002),

it also contains education, squared education, squared real earnings in 1974 and 1975,

and the interaction term between the dummy for black and the dummy for unemployed

in 1974. The other one is proposed by Firpo (2007b), which is different from Dehejia

and Wahba’s (1999) in the interaction terms. The interaction terms Firpo (2007b) uses

are marital status with real earnings in 1974 and marital status with the dummy for

unemployed in 1974. We present the test results in Table 3. We plot the estimated F t
i ’s

and integrated F t
i ’s under different specifications in Figure 3.

The testing results depend on how the propensity score is estimated. However, in all

specifications, we accept that conditional on the treated, the outcome under job training

SD1 and SD2 that without job training. On the other hand, under Wooldridge (2002) and

Firpo’s (2007b) specifications, we accept that conditional on the treated, the outcome

without job training SD1 and SD2 that under job training. However, under Dehejia

and Wahba’s (1999) specification, we reject the first order stochastic dominance of the

outcome without job training against that under job training at the 10% significance

level and reject second order stochastic dominance at the 1% significance level.

To sum up, the empirical results suggest that the distribution of real earnings un-

der job training SD1 and SD2 the distribution of real earnings without job training.

Equivalently, the social welfare in F1 (F t
1) is at least as large as that in F0 (F t

0) for any

non-decreasing function U . Also, we have strong evidence against the hypothesis that

F0 SD2 F1, but weaker evidence against F0 SD1 F1. The testing results for F t
0 SD1 F t

1

and F t
0 SD2 F t

1 depend on the estimation of the propensity score function. As a result,

a unified criterion to determine the power series we should use in the SLE estimation is

a very important direction for future studies.

9 Conclusion

This paper proposes IPW estimators for the distribution functions of the potential out-

comes of a binary treatment under unconfoundedness assumption. The proposed estima-

tors weakly converge to a two dimensional mean zero Gaussian process. A simulation-

based method taking into account the estimation effect of the propensity score to ap-

proximate the limiting Gaussian processes is introduced. These results can be used to

conduct inference on various functionals of the distributions of potential outcomes. In the

paper we show how the results can be used to derive properties of estimates of the entire
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quantile function obtained by inversion. We use the functional delta method to derive

the asymptotic properties for the quantile process. We also suggest a simulation method

to approximate the limiting quantile process. The usefulness of our results is further

demonstrated by constructing KS tests for stochastic dominance relations between the

distributions of potential outcomes. The results are also extended to the situation where

one is interested in the distributions of potential outcomes in the treated population as is

useful for examining treatment effects on the treated subpopulation. A small scale sim-

ulation suggests that the proposed methods for testing stochastic dominance have good

finite sample properties. Finally our results are applied to test stochastic dominance

relations between potential outcomes in the National Supported Work Demonstration

data and suggest that job training has a positive effect on real earnings in the stronger

sense of stochastic dominance.
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Appendix

We show several useful lemmas before we proceed. Let ∆ be a generic constant which

varies in different cases. All limits are taken as N → ∞.

Lemma A1: Suppose Assumptions 2.1-3.5 hold. Then

sup
z∈Z

∣∣∣√N(F̂0(z)− F0(z))−
1√
N

N∑
i=1

(
ψ0(Wi, z)− F0(z)

)∣∣∣ = op(1),

sup
z∈Z

∣∣∣√N(F̂1(z)− F1(z))−
1√
N

N∑
i=1

(
ψ1(Wi, z)− F0(z)

)∣∣∣ = op(1).

Proof of Lemma A1: First, we replace the Yi with 1(Yi ≤ z) in the addendum of

Hirano, Imbens and Ridder (2003) and we can show that

sup
z∈Z

∣∣∣∣∣ 1√
N

( N∑
i=1

Ti · 1(Yi ≤ z)

p̂(Xi)
− F1(z)

)
− 1√

N

N∑
i=1

(
ψ1(Wi, z)− F1(z)

)∣∣∣∣∣ = op(1).

Also, by replacing Yi’s with 1’s in the Proof of Theorem 1 in HIR, we can show

√
N
( 1

N

N∑
i=1

Ti
p̂(Xi)

− 1
)
= op(1),

which implies that

√
N
(
N
/ N∑

i=1

Ti
p̂(Xi)

− 1
)
= op(1).

Given this, we have

sup
z∈Z

∣∣∣∣∣√NF̂1(z)−
1√
N

N∑
i=1

Ti · 1(Yi ≤ z)

p̂(Xi)

∣∣∣∣∣
≤
√
N
∣∣∣(N/ N∑

i=1

Ti
p̂(Xi)

− 1
)∣∣∣ · sup

z∈Z

∣∣∣∣∣ 1N
N∑
i=1

Ti · 1(Yi ≤ z)

p̂(Xi)

∣∣∣∣∣
=
√
N
∣∣∣(N/ N∑

i=1

Ti
p̂(Xi)

− 1
)∣∣∣ · ∣∣∣∣∣ 1N

N∑
i=1

Ti
p̂(Xi)

∣∣∣∣∣ = op(1) ·Op(1) = op(1).

By the triangle inequality, we have

sup
z∈Z

∣∣∣√N(F̂1(z)− F1(z))−
1√
N

N∑
i=1

(
ψ1(Wi, z)− F0(z)

)∣∣∣ = op(1).

The argument for
√
N(F̂1(z)− F1(z)) is the same. 2
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Let P be the common distribution of the Wi. Recall that K0 = {ψ0(W, z)| z ∈ Z}
K1 = {ψ1(W, z)| z ∈ Z} are collections of measurable functions from W to R. indexed

by z.

Lemma A2: K0 and K1 are P-Donsker.

Proof of Lemma A2: Let Q1 = {1(Y ≤ z)] | z ∈ Z} and it is well-known that Q1 is

P-Donsker.

Let Q2 = {F0(z|X) | z ∈ Z} and we claim that Q2 is P-Donsker by Theorem 2.3

of Kosorok (2008). Given that F0(z) is continuous on a compact set Z with F0(0) = 0,

then for any ϵ > 0, we can find a finite collection of 0 = z0 < z1 < · · · < zk = z̄ so

that F0(zj) − F0(zj−1) ≤ ϵ2 for all 1 ≤ j ≤ k and this can be done in such a way that

k ≤ 1 + ϵ−2. Consider the brackets {(ℓj , uj), 1 ≤ j ≤ k} with ℓj = F0(zj−1|X) and

uj = F0(zj |X) and we find that each F0(z|X) is in at least one of these brackets. Also,

we have ∥uj − ℓj∥P,2 ≤ [∥uj − ℓj∥P,1]
1/2 = [F0(zj) − F0(zj−1)]

1/2 ≤ ϵ, where ∥g∥P,r =

[
∫
|g(w)|rdP (w)]1/r for 1 ≤ r < ∞. Hence, the minimum number of L2 ϵ-brackets to

cover Q2 is bounded by 1 + ϵ−2. As a result, the bracketing integral, J[](∞,Q2, L2(P)),

is bounbed18 which implies that Q2 is P-Donsker.

Let g1(W ) = (1 − T )/(1 − p(X)) and g2(W ) = (T − p(X))/(1 − p(X)). Note that

g1(W ) and g2(W ) are uniformly bounded and measurable functions. By Examples 2.10.7

and 2.10.10 of van der Vaart and Wellner (1996), K0 is P-Donsker. Similar arguments

apply to K1. 2

Proof of Theorem 3.6: Note that by van der Vaart (2000, page 270), the Cartesian

product of two Donsker classes of functions is also a Donsker class. Hence, Lemma A2

and the Donsker’s Theorem imply Theorem 3.6.

Proof of Theorem 3.8: The result follows when we apply the functional delta method

to the quantile map, e.g., Section 3.9 of van der Vaart and Wellner (1996). 2

Proof of Lemma 4.1: By definition of F̂1(z|x), it not hard to show that it is monoton-

ically increasing. Then we claim supz∈Z,x∈X |F̃1(z|x)−F1(z|x)| = op(1). For a matrix A,

let ∥A∥ denote the matrix norm of A such that ∥A∥ =
√
tr(A′A). Define

ΦK(z) =
1

N

N∑
i=1

1(Yi ≤ z)Ti
p(Xi)

RK(Xi), Φ̂K(z) =
1

N

N∑
i=1

1(Yi ≤ z)Ti
p̂(Xi)

RK(Xi),

ξK =
1

N

N∑
i=1

RK(Xi)R
K(Xi)

′.

Because p(X) is bounded away from 0, the conditional variance of 1(Yi ≤ z)Ti/p(Xi)

conditional on X = x is bounded. Hence, the bound in Newey (1997) for series estimators

18The definition of J[](∞,Q2, L2(P)) can be found in Page 17 of Kosorok (2008).
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applies:

sup
z∈Z,x∈X

∣∣ΦK(z)′−1
K RK(Xi)− F1(z|x)

∣∣ ≤ ∆1ζ(K)Op(

√
ζ(K)

N
) + ∆2K

−s′
r

where s′ is the number of continuous derivatives of F1(z|x) and ζ(K) = supx∈X ∥RK(x)∥.
Note that the compactness of X is needed to obtain the uniform bound over X . By similar

argument of HIR,

sup
z∈Z,x∈X

|F̃1(z|x)− F1(z|x)| ≤ sup
z∈Z,x∈X

|Φ̂K(z)′−1
K RK(Xi)− ΦK(z)′−1

K RK(Xi)|

+ sup
z∈Z,x∈X

∣∣ΦK(z)′−1
K RK(Xi)− F1(z|x)

∣∣ = op(1)

Without loss of generality, we assume that F̃1(z|x) is bounded between 0 and 1.19

For a given x, Suppose Yh is the first point at which F̃1(z|x) jumps down. Then for

yh ≤ z < yh+1, F̂1(z|x) = F̃1(yh−1|x) > F̃1(yh|x) = F̃1(z|x) and for yh−1 ≤ z <

yh, F̂1(z|x) = F̃1(yh−1|x). For yh ≤ z < yh+1, if F̂1(z|x) ≤ F1(z|x), then we have

F1(z|x)−F̃1(z|x) > F1(z|x)−F̂1(z|x) > 0. If F̂1(z|x) > F1(z|x), then we have F̃1(yh−1|x)−
F1(yh−1|x)− F̂1(z|x)− F1(z|x) > 0. These imply that

|F̂1(z|x)− F1(z|x)| ≤ max{|F̃1(yh−1|x)− F1(yh−1|x)|, |F̃1(z|x)− F1(z|x)|}.

As a result,

sup
0≤z<yh+1

|F̂1(z|x)− F1(z|x)| ≤ sup
0≤z<yh+1

|F̃1(z|x)− F1(z|x)|.

Then by induction, we can show that

sup
z∈Z

|F̂1(z|x)− F1(z|x)| ≤ sup
z∈ Z

|F̃1(z|x)− F1(z|x)| = op(1).

Also, supz∈Z,x∈X |F̂0(z|x)− F0(z|x)| = op(1). 2

19If F̃1(z|x) < 0, then 0 > 0−F1(z|x) > F̃1(z|x)−F1(z|x) or |0−F1(z|x)| < |F̃1(z|x)−F1(z|x)|. If we
trim F̃1(z|x) at 0, then the deviation from F1(z|x) is smaller. Similar argument applies when F̃1(z|x) > 1.
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Proof of Theorem 4.2: We rewrite Ψu
1(z) as

Ψu
1(z) =

1√
N

N∑
i=1

Ui

(
Ti · 1(Yi ≤ z)

p(Xi)
− F1(z)− (T − p(Xi))

F1(z|Xi)

p(Xi)

)
(10)

+
1√
N

N∑
i=1

Ui

(
Ti · 1(Yi ≤ z)

p̂(Xi)
− Ti · 1(Yi ≤ z)

p(Xi)

)
(11)

− 1√
N

N∑
i=1

Ui

((
p(Xi)− p̂(Xi)

) F̂1(z|Xi)

p̂(Xi)

)
(12)

− 1√
N

N∑
i=1

Ui

((
Ti − p(Xi)

)( F̂1(z|Xi)

p̂(Xi)
− F1(z|Xi)

p(Xi)

))
(13)

− 1√
N

N∑
i=1

Ui

(
F̂1(z)− F1(z)

)
(14)

We first show that the process in (11) weakly converges to a zero process conditional

on the sample path W w.p.a. 1, i.e.,

1√
N

N∑
i=1

Ui

(
Ti · 1(Yi ≤ z)

p̂(Xi)
− Ti · 1(Yi ≤ z)

p(Xi)

)
p⇒ 0. (15)

Note that the proof for (12) and (13) is similar and we omit it. According to Footnote

10 in page 13, we need to show that for any subsequence kN of N , there exists a further

subsequence ℓN of kN such that

1√
ℓN

ℓN∑
i=1

Ui

(
Ti · 1(Yi ≤ z)

p̂ℓN (Xi)
− Ti · 1(Yi ≤ z)

p(Xi)

)
a.s.⇒ 0. (16)

Note that for any subsequence kN of N , there exists a further subsequence ℓN of kN such

that supx∈X |p̂ℓN (x)− p(x)| a.s.→ 0 where p̂ℓN (x) denotes the estimator at ℓN . Define

Wℓ ≡ {ω ∈ W : sup
x∈X

|p̂ℓN (x)(ω)− p(x)|→0}, (17)

where p̂ℓN (x)(ω) denotes the realization at ω. It is true that P (Wℓ) = 1. Note that for

any δ > 0 and for any ω ∈ Wℓ, we have supx∈X |p̂ℓN (x)(w)− p(x)| ≤ δ eventually. When

we pick δ = 1/2min{p, 1− p̄}, it is obvious that for any ω ∈ Wℓ, 0 < p−δ ≤ p̂ℓN (x)(w) ≤
p̄+ δ < 1, and 1/p̂ℓN (x)(w) and 1/(1− p̂ℓN (x)(w)) are bounded by M for some M large

enough and for all ℓN large enough.

For any ω ∈ Wℓ, define

fℓN i(Ui, z|ω) =
Ui√
ℓN

(
Ti · 1(Yi ≤ z)

p̂ℓN (Xi)(ω)
− Ti · 1(Yi ≤ z)

p(Xi)

)
,

χℓN (z|ω) =
ℓN∑
i=1

fℓN i(Ui, z|ω)
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We first show that the triangular array {fℓN i(Ui, z|ω)} satisfies (i)-(v) of Theorem 10.6 of

Pollard (1990). Note that we have conditioned on the sample path ω, so the randomness

is from the Ui’s which is independent of the sample path ω. Define FℓN ,i = M |Ui|/
√
ℓN

is the envelope of fℓN i(Ui, z|ω) since Ti and 1(Yi ≤ z) are bounded, and p(Xi) and

p̂ℓN (Xi)(ω) are bounded away from 0 and 1. By the definition of FℓN ,i, (iii) and (iv)

hold. For z1 ≤ z2,

Eu[χℓN (z1|ω)χℓN (z2|ω)] =
1

ℓN

ℓN∑
i=1

Eu

[
U2
i Ti · 1(Yi ≤ z1)

(
1

p̂ℓN (Xi)(ω)
− 1

p(Xi)

)2
]

=
1

ℓN

ℓN∑
i=1

Ti · 1(Yi ≤ z1)

(
1

p̂ℓN (Xi)(ω)
− 1

p(Xi)

)2

=
1

ℓN

ℓN∑
i=1

Ti · 1(Yi ≤ z1)

p̂2ℓN (Xi)(ω)p2(Xi)

(
p(Xi)− p̂ℓN (Xi)(ω)

)2
≤ ∆sup

x
|p̂ℓN (x)(ω)− p(x)|2→0.

where the convergence follows from the fact that ω ∈ Wℓ.

The first equality follows from the fact that Ui’s are mutually independent with mean

0, T 2
i = Ti and 1(Yi ≤ z1)1(Yi ≤ z2) = 1(Yi ≤ z1). The second one follows from that

E[U2
i ] = 1 and the last inequality holds because p̂ℓN (x)(ω) and p(x) are bounded away

from 0 when ℓN is large enough and supx |p̂ℓN (x)(ω) − p(x)|→0. As a result, (ii) holds.

Define

ρℓN (z1, z2) =

(
ℓN∑
i=1

Eu

[
fℓN i(Ui, z1|ω)− fℓN i(Ui, z2|ω)

]) 1
2

.

For any z1 < z2,

ρℓN (z1, z2)
2 =

ℓN∑
i=1

Eu

[
fℓN i(Ui, z1|ω)− fNi(Ui, z2|W)

]2
=

1

ℓN

ℓN∑
i=1

Eu

[
U2
i · Ti · 1(z1 < Yi ≤ z2)

(
1

p̂ℓN (Xi)(ω)
− 1

p(Xi)

)2
]

≤ ∆sup
x

|p̂ℓN (x)(ω)− p(x)|2→0.

ρℓN (z1, z2) converges uniformly to 0 over z1 and z2 and (v) holds.

Finally, {fℓN i(Ui, z|ω)} is measurable with respect to FℓN ,i = M |Ui|/
√
ℓN because

1(Yi ≤ z1) forms a Vapnik-Cervonenkis class of functions and (i) holds.

We have shown that for all ω ∈ Wℓ, the triangular array {fℓN i(Ui, z|W)} satisfies
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(i)-(v) of Theorem 10.6 of Pollard (1990) and this implies that ω ∈ Wℓ

1√
ℓN

ℓN∑
i=1

Ui

(
Ti · 1(Yi ≤ z)

p̂ℓN (Xi)(ω)
− Ti · 1(Yi ≤ z)

p(Xi)

)
⇒0. (18)

Therefore, (16) holds and (15) follows.20

By the same proof of Proposition 2 of Barrett and Donald (2003), the process in (14)

converges to a zero process. Hence,

Ψu
1(z)−

1√
N

N∑
i=1

Ui

(
Ti · 1(Yi ≤ z)

p(Xi)
− F1(z)− (T − p(Xi))

F1(z|Xi)

p(Xi)

)
p⇒ 0.

Finally, Corollary 2.9.3 of Van der Vaart and Wellner (1996) implies that

1√
N

N∑
i=1

Ui

(
Ti · 1(Yi ≤ z)

p(Xi)
− F1(z)− (T − p(Xi))

F1(z|Xi)

p(Xi)

)
p⇒ Ψ1(z),

and Ψu
1(z)

p⇒ Ψ1(z) follows. By similar argument, we can show that Ψu
0(z)

p⇒ Ψ0(z) and

Theorem 4.2 holds. 2

Proof of Lemma 4.4: Without loss of generality, we assume [z1ℓ, z1u] = Z. Define

f̈1(z) =
1

Nh

N∑
i=1

Ti
p(Xi)

K

(
Yi − z

h

)
and ZN = [h, z̄−h]. By similar argument in Lemma 2 of Donald, Hsu and Barrett (2012)

and Masry (1996), we can show that supz∈ZN
|f̈1(z)−f1(z)| = op(1). On the other hand,

sup
z∈ZN

|f̂1(z)− f̈1(z)| = sup
z∈ZN

∣∣∣∣∣ 1

Nh

N∑
i=1

( Ti
p̂(Xi)

− Ti
p(Xi)

)
K

(
Yi − z

h

)∣∣∣∣∣
≤ ∆ sup

x∈X
|p̂(x)− p(x)| sup

z∈ZN

1

Nh

N∑
i=1

∣∣∣∣K (Yi − z

h

)∣∣∣∣
= ∆ · op(1) ·Op(1) = op(1).

The second line follows from the fact that p(x) and p̂(x) are both bounded above and

bounded away from 0. It can be shown by similar argument for f̈1(z) that
∑N

i=1

∣∣K((Yi−
z)/h)

)∣∣/(Nh) is a uniformly consistent estimator for f(z), the probability density function

20We thank a referee for pointing out that if Ui’s are standard normals, we can shorten the proof

significantly by applying the Dudley’s entropy integral bound because conditioning on W, χN (z|W) is

a Gaussian process. We do not use this approach because Ui’s are allowed to be i.i.d. random variables

with mean equal to 0 and variance 1.
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of Y , on ZN and this implies that it is Op(1). Given supx∈X |p̂(x) − p(x)| = op(1), the

last line follows. Hence, by the triangle inequality

sup
z∈ZN

|f̂1(z)− f1(z)| ≤ sup
z∈ZN

|f̂1(z)− f̈1(z)|+ sup
z∈ZN

|f̈1(z)− f1(z)| = op(1).

On the other hand, for all z ∈ [0, h] and for some M > 0,

|f̂1(z)− f1(z)| = |f̂1(h)− f1(z)| ≤ |f̂1(h)− f1(h)|+ |f1(h)− f1(z)|

≤ |f̂1(h)− f1(h)|+∆h.

The first equality holds by the definition of f̂1(z) for z ∈ [0, h]. The second inequality

holds by the triangle inequality. The second term of the last line holds by the fact

that f1(z) is continuously differentiable of order 2 on Z. This is sufficient to show that

supz∈[0,h] |f̂1(z)−f1(z)| = op(1) and supz∈[z̄−h,z̄] |f̂1(z)−f1(z)| = op(1). These imply that

supz∈Z |f̂1(z)− f1(z)| = op(1). The result regarding f̂0(z) can be shown similarly. 2

Proof of Theorem 4.5: First, it is straightforward to show that

−Ψu
0(q0(τ))

f0(q0(τ))

Pw⇒ Q0(τ).

Note that

sup
τ∈[0,1]

|f̂0(q̂0(τ))− f0(q0(τ))|

≤ sup
τ∈[0,1]

|f̂0(q̂0(τ))− f0(q̂0(τ))|+ sup
τ∈[0,1]

|f0(q̂0(τ))− f0(q0(τ))|

≤ sup
z∈Z

|f̂0(z)− f0(z)|+∆ sup
τ∈[0,1]

|q̂0(τ)− q0(τ)| = op(1).

The first inequality follows from the triangle inequality. The second inequality follows

from the fact that q̂0(τ) ∈ Z for all τ and f0(z) is continuously differentiable of or-

der 2 on Z. The result follows from the fact that both f̂0(z) and q̂0(τ) are uniformly

consistent estimators. Conditioning on the the sample path W w.p.a. 1, it is true that

supτ∈[0,1] |Ψu
0(q̂0(τ))−Ψu

0(q0(τ))| = op(1) by the equicontinuity of Ψu
0(z) and the uniform

consistency of q̂0(τ). As a result,

sup
τ∈[0,1]

∣∣∣Ψu
0(q̂0(τ))

f̂0(q̂0(τ))
− Ψu

0(q0(τ))

f0(q0(τ))

∣∣∣
≤ sup

τ∈[0,1]

∣∣∣Ψu
0(q̂0(τ))

f̂0(q̂0(τ))
− Ψu

0(q̂0(τ))

f0(q0(τ))

∣∣∣+ sup
τ∈[0,1]

∣∣∣Ψu
0(q̂0(τ))

f0(q0(τ))
− Ψu

0(q0(τ))

f0(q0(τ))

∣∣∣
≤∆ sup

τ∈[0,1]
|f̂0(q̂0(τ))− f0(q0(τ))| sup

τ∈[0,1]
|Ψu

0(q̂0(τ))|+∆ sup
τ∈[0,1]

|Ψu
0(q̂0(τ))−Ψu

0(q0(τ))|

=∆ · op(1) ·Op(1) + ∆ · op(1) = op(1).
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This is sufficient to show that

Qu
0(τ) ≡ −Ψu

0(q̂0(τ))

f̂0(q̂0(τ))

Pw⇒ Q0(τ).

The result regarding Qu
1(τ)

u can be shown similarly. 2

Proof of Theorem 5.1: By continuous mapping theorem, we have Su
D→ S given W in

probability. Note that P (S ≤ 0) ≤ 1/2 and the distribution function of S is continuous

by Tsirel’son (1975). It follows that if α0 < 1/2, then c0 > 0. Therefore, ĉ converges in

probability to c0 > 0.

Under the null,

lim supP (ŜN > ĉ) ≤ lim supP (SN > ĉ) = P (S > c0) = α0.

The first equality follows from the fact that SN
D→ S, ĉ

p→ c0 and the CDF of S is

continuous at c0. The second equality follows from the fact that SN
D→ S and the

definition of c0. This shows the first part of Theorem 5.1.

Suppose F1(z
∗) > F0(z

∗) for some z∗ ∈ Z. Then

ŜN =
√
N sup

z∈Z

(
F̂1(z)− F̂0(z)

)
≥

√
N
(
F̂1(z

∗)− F̂0(z
∗)
)

=
√
N
(
F̂1(z

∗)− F̂0(z
∗)− (F1(z

∗)− F0(z
∗))
)
+

√
N
(
F1(z

∗)− F0(z
∗)
) p→ ∞.

The last line holds since the first term in the third line is asymptotically normal which is

bounded in probability and the second term diverges to infinity. The second part follows

from the fact that ŜN
p→ ∞ when the null hypothesis is wrong, but ĉ

p→ c0 <∞. 2

Proof of Theorem 5.2: By the same proof of Theorem 3.6, we have SN
D→ supz∈Z(Ψ1(z)−

Ψ0(z) + δ(z)) and by the same proof of Theorem 5.1, the critical value will converge

to c0, the (1 − α0)-th quantile of supz∈Z(Ψ1(z) − Ψ0(z)). Given that δ(z) > 0 for

some z and is continues, we have δ(z) > 0 on an interval [zℓ, zu]. These imply that

limN→∞ P (SN > ĉ) = P (supz∈Z(Ψ1(z)−Ψ0(z) + δ(z)) > c0) > α0. 2

Proof of Theorem 6.2: The proof is similar to those for Theorem 3.6 and Theorem

3.8 and we omit it.
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F1 SD1 F0 F t
1 SD1 F t

0

N = 200 Ex. 7.1 0.058 0.041

Ex. 7.2 0.437 0.451

N = 400 Ex. 7.1 0.055 0.039

Ex. 7.2 0.781 0.816

Table 1: Rejection rates.

specification F1 SD1 F0 F1 SD2 F0 F0 SD1 F1 F0 SD2 F1

No covariate statistic 0 0 2.787 0.626

p-value 1.000 1.000 0.019 0.004

Age statistic 0 0 2.824 0.596

p-value 1.000 1.000 0.019 0.005

Wooldridge statistic 0 0 2.768 0.551

p-value 1.000 1.000 0.021 0.009

Table 2: Stochastic Dominance in RE74 Data Set.

specification F t
1 SD1 F t

0 F t
1 SD2 F t

0 F t
0 SD1 F t

1 F t
0 SD2 F t

1

Wooldridge statistic 1.595 0.000 7.938 0.507

p-value 0.789 1.000 0.152 0.164

Dehejia and Wahba statistic 0.033 0.000 2.430 1.710

p-value 0.986 1.000 0.068 0.000

Firpo statistic 1.887 0.000 8.069 0.511

p-value 0.774 1.000 0.143 0.163

Table 3: Stochastic Dominance in PSID-1 Data Set.
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Figure 1: Empirical CDFs of RE74 and PSID-1 data sets
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