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1 Introduction

The real effect of seigniorage and the welfare cost of inflation tax in advanced
economies has been an important subject of discussion among economists and policy
makers. Due to their simplicity, cash-in-advance (hereafter CIA) constraints, initiated
by Clower (1967) and endorsed by Lucas (1980), have been a standard setup incor-
porated into models in order to address these issues. See, among others, Stockman
(1981), Lucas and Stokey (1983, 1987), Cooley and Hansen (1989) and Wang and Yip
(1992). Using general equilibrium models without sustainable growth, these authors
predict a negative relationship between output and inflation in the long run. Their
result remains valid in models with sustainable growth. See Gomme (1993) and Jones
and Manuelli (1995).

A negative relationship between output and inflation emerges in the existing theo-
retical literature, because inflation acts as a tax on consumption when consumption is
subject to a CIA constraint. This makes consumption more expensive than leisure. As
a result, the household substitutes leisure for consumption, reducing the labor supply,
and thus output falls. In this case, the optimal monetary policy is to maintain a zero
or a near-zero nominal interest rate, dubbed the Friedman rule. This policy gives rise
to a deflationary environment, wherein the central bank sets the rate of deflation equal
to the real interest rate.

However, empirical evidence fails to consistently support a negative real effect of
money growth. Although some previous studies find a negative real effect of inflation,
later studies document a neutral or a positive relationship between inflation and real

I In particular, there is a well-established literature that argues

economic activities.
that the effects of money growth strongly depend on the level of economic develop-
ment. For example, Bullard and Keating (1995) found that the long-run effects of
inflation on real output are positive in low inflation countries in a large sample of
postwar economies, and Ghosh and Phillips (1998) uncovered a negative relationship
between inflation and growth for all countries but those with the lowest inflation rates.
Moreover, Ahmed and Rogers (2000) discovered that the long-run effects of inflation
on output are positive by using over 100 years of U.S. data, and Khan and Senhadji
(2001) estimated the threshold level of inflation at 1-3 percent for industrial coun-
tries and 11-12 percent for developing countries, above which the relationship between
inflation and growth is negative.?

One common assumption made in these existing theoretical models with or without

!See Fischer (1983) and Cooley and Hansen (1989) for a negative relationship.
In a recent work, Dorval and Smith (2015) also discover that, across 26 countries, there is a clear,

positive correlation between inflation and output growth in the interwar period of 1921-1939.
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sustainable growth is that the labor market is frictionless. As a result, their models
cannot envisage how inflation taxes affect the tradeoff between employment and un-
employment, which is an important topic, especially in the aftermath of the recent
subprime crisis that gives rise to large unemployment. To our knowledge, Heer (2003),
Cooley and Quadrini (2004) and Wang and Xie (2013) have incorporated labor search
in models of CIA constraints and envisaged the optimal long-run inflation rate.

Heer (2003) analyzed the effect of seigniorage on employment and welfare. He
extended the "large" household, search models of Merz (1995), Andolfatto (1996) and
Shi and Wen (1999) to a monetary economy with CIA constraints on consumption.
Using a calibration and quantitative analysis, he found a positive relationship between
seignorage taxes and employment and a zero optimal inflation rate in the long run.
His results indicate that lowering the inflation rate from a positive baseline to a zero
level leads to a welfare gain at the cost of higher unemployment, thus lending support
to the Friedman rule in a model with a frictional labor market.

By contrast, Wang and Xie (2013) do not lend support to the Friedman rule. Their
model is an otherwise Heer (2003) model except with a separate CIA constraint on
firms’ wage payment. Due to the CIA constraint on firms’ wage payment, higher
money growth reduces real money balances held by firms, so firms’ wage payment is
constrained. This encourages firms to shift from production to nonproduction activi-
ties, devoting more manpower to vacancy creation. Thus, the job finding rate facing
each searching worker is higher, which in turn raises job matches and the employment
level in the steady state. When some moderate amount of money is injected into firms
and agents’ responses to labor-market frictions are sufficiently strong, the matching
externality effect dominates the labor demand effect via a labor—leisure trade-off due
to the conventional CIA constraint on households’ consumption. Then, equilibrium
employment rises. This creates a channel for higher money growth to induce higher
welfare, departing from the Friedman rule.

Cooley and Quadrini (2004) also studied the Friedman rule in a totally different
model with a liquidity effect. In their model, a part of money is held by households
in order to consume and do investment. Other part of money is deposited in banks,
with money growth also injecting into banks, which is then loaned to firms in order
to produce final goods, so there is the liquidity effect. They showed that, with the
policy without commitment, the Friedman rule is optimal. However, with commitment,
when worker’s bargaining power is sufficiently smaller than worker’s contribution in
the matching so the Hosios rule violates, because the high profitability of a match for
the firm induces an excessive creation of vacancies, the Friedman rule is not optimal.

Although Heer (2003), Cooley and Quadrini (2004), and Wang and Xie (2013) have



incorporated frictional labor markets into models with CIA constraints, they do not
consider the environment with sustainable growth. The purpose of our paper is to
revisit the Friedman rule in a model with sustainable growth. We argue that, even
without imposing a liquidity effect or a CIA constraint on firms’ wage payment, an
endogenous growth model offers a different channel so that moderately higher money
growth can increase the welfare. Intuitively, in a perpetually growing economy, the
technology is of constant returns with respect to the growing factor, which is physical
capital in our one-sector model. When the labor market is frictional, an increase in the
money growth rate gives rise to an expansion in employment. Labor and capital are
complementary in production. With an increase in employment, when the technology
is neoclassical, as in Heer (2003) and Wang and Xie (2013), the marginal product
of labor is not high. However, in an endogenous growth framework, the technology
exhibits a constant return on capital, and the marginal product of labor is high. Due
to a high marginal product of labor, a modest increase in the money supply raises
employment, enlarges output and increases welfare.

Specifically, our model is otherwise identical to Heer (2003) except for allowing for
endogenous growth. Thus, our model considers CIA constraints only on households’
consumption and not on firms’ wage payment. In terms of endogenous growth, for
simplicity, we follow the setup initiated by Romer (1986), wherein the production is
subject to externalities arising from average capital in the economy. The production
technology exhibits constant returns with respect to perpetual growth factors in order
to be consistent with endogenous growth.

The reason our model departs from the Friedman rule is as follows. An increase in
the money growth rate raises the inflation rate in the long run. The presence of CIA
constraints induces households to substitute leisure for consumption and to replace real
money balances by capital, therefore decreasing the ratio of consumption to capital.
Moreover, as agents increase leisure, they reduce search efforts and hence, the size of
unemployment decreases. While fewer agents searching for jobs cuts back firms’ job
openings, a lower ratio of consumption to capital reduces the reservation wage and thus,
the bargaining wage to capital ratio, so firms’ job openings accumulate. As the latter
effect dominates, posted job openings increase. A decreased amount of unemployment,
given the job finding possibility, reduces the employment size, but more job openings
increase the employment size. As the latter effect dominates, the employment size
increases in the long run. In an endogenous growth framework, as the technology is of
constant returns with respect to aggregate capital, a larger employment yields a larger
marginal product of capital and thus, output. Hence, some moderate money growth

induces higher welfare, thereby creating a channel for higher money growth to induce



higher welfare that departs from the Friedman rule.> Moreover, the optimal long-run
inflation rate departs from the Friedman rule, even when the Hosios rule holds.

Andolfatto, Hendry and Moran (2004) also analyzed monetary policy in models
with labor search and CIA constraints. These authors studied a model with the lig-
uidity effect, like Cooley and Quadrini (2004). In their model, an active firm borrows
money to pay wage in advance, and an unfilled job borrows money to maintain a
job vacancy, while households’ consumption is constrained by money holding. They
studied the monetary policy transmission mechanism, in particular the persistence of
key variables following monetary policy changes. Our model is different, as we do not
consider the liquidity effect but consider endogenous growth. Moreover, our focus is
on the optimal long-run inflation rate, which is different from the focus on business
properties in Andolfatto, Hendry and Moran (2004).

A recent study by Chu et al. (forthcoming) has incorporated labor search into
an endogenous growth model with CIA constraints. While our CIA constraints affect
consumption only, their CIA constraints affect not only consumption but also invest-
ment in R&D. As a result, while our analysis explores the effect of money growth on
economic growth via the effect on capital accumulation, their model studies the effect
of money growth on economic growth via the effect on investment in R&D. In particu-
lar, their focus is only on the effect of money growth on unemployment and economic
growth, whereas we study not only the effect of money growth on employment and
economic growth but also the optimal money growth rate that maximizes the welfare
of the representative agent.

Finally, our paper adds value to Bhattacharya et al. (2009) and Ghossoub and
Reed (2019), which also found an optimal rate of money growth higher than the Fried-
man rule in an endogenous growth model.* In these two papers, agents stochastically
relocated to different islands can consume only if they carry money with them. The

stochastic relocations act like “liquidity preference shocks” in Diamond and Dybvig

3In a working paper version, Heer (2000) considered an endogenous growth model wherein a positive
inflation rate can increase employment and economic growth. Yet, the optimal monetary growth is

not his focus. Nor did he explain why the optimal money growth is positive.
*In an overlapping-generations model with different islands, wherein agents stochastically relocated

to other islands can consume only if they carry money with them, Bhattacharya et al. (2009) found
that a mild degree of social increasing returns is sufficient for positive optimal inflation rates. Ghossoub
and Reed (2019) extended Bhattacharya et al. (2009) to one that considered the competitive structure
of the banking system, and found that the optimal money growth rate is higher than the Friedman

rule in order to encourage investment.



(1983), and as a result, the Tobin effect emerges. Our model is different from their mod-
els. First, while they study heterogenous agents of overlapping generations, we study
a model with homogenous agents who are not relocated to different islands. Second,
while their consumption is affected by liquidity preference shocks, our consumption is
affected by the cash-in-advance constraint. Moreover, they adopt a frictionless labor
market, but we consider a frictional labor market. Thus, in our model, when an in-
crease in the money growth rate causes a substitute of leisure for consumption, both
labor search and the size of unemployment are affected, which in turn changes firms’
job creation, and worker’s reservation wage and thus, the bargaining wage. As a result,
the channel that the money growth rate impacts economic growth is totally different.

The remainder of this paper is organized as follows. Section 2 presents the model
and optimization conditions. Section 3 analyzes equilibrium conditions and the long-
run equilibrium. Section 4 describes the calibration procedure, provides quantitative

results and carries out sensitivity analysis. Finally, section 5 offers concluding remarks.

2 The Model

Time is discrete. The economy is composed by firms, households, and a (passive)
government. All agents have perfect foresight. The goods market and capital market
both are perfect, but the labor market exhibits search and entry frictions. While an
unemployed household may search for jobs at the foregone cost of leisure time, a firm

can create vacancies at the cost of output.

2.1 Representative Household’s Problem

The economy is populated by a continuum of identical infinitely-lived “large”
households of a unit mass. The large household framework allows for modeling capital
accumulation under a dynamic general equilibrium setting in a tractable manner while
taking into consideration market frictions highlighted in labor search and matching
models. The setup of large households is convenient in that all family members pool
resources regardless of their labor market status. This useful method of modeling
perfect consumption insurance in general-equilibrium search models has been common
since Merz (1995) and Andolfatto (1996).

A large household consists of a continuum of family members (of measure one).
Family members may be (i) workers, who engage in productive activities with the
wage rate at wy, (ii) job seekers, who undertake job search activities, or (iii) leisure

takers, who are involved in nonmarket activities. Employment is a predetermined state



in each period. Let n; € (0,1) and s; € (0, 1) denote the fraction of household members
working and searching for jobs, respectively, with the remaining fraction 1 — n; — s;
€ (0,1) being in leisure.® If an individual member is employed, then he will supply
his time endowment inelastically to the market. When an unemployed agent searches
for jobs, he will be matched with a job vacancy with a certain probability. It is thus
possible that an unemployed member remains unemployed for some time. As a result,
individuals face an uncertainty in income, consumption and leisure. Following Lucas
(1990), Merz (1995) and Andolfatto (1996), we assume that all members in a large
household pool their resources in order to maximize the household’s utility.

The representative household is assumed to derive utility from consumption and

disutility from both working and job search. Its lifetime utility is described by

(nt + st)l—l-a

1+o ’ (1)

Zﬁtu(ct,nt + s1) = Zﬁt logey — €
t=0

t=0

where ¢; > 0 is the consumption, ¢ > 0 denotes the inverse of the labor supply
elasticity, € is a preference parameter attached to leisure, and g € (0, 1) is the subjective
discount factor. Heer (2003) also used this additively separable logarithmic preference,
which has been shown to be consistent with the balanced growth path (King et al,
1998).

Let a; and M; be the amount of non-monetary real asset and nominal money,
respectively, owned by the representative household in period ¢.% Since households
are the owners of the firms, they receive the profits () remitted from firms in each

period. The household’s budget constraint in period ¢ is then given by
(I+7e)cr+apr1 —ar+ (1 +me1)merr —my = (1—1y)wne+ (1 —74)reas + 0, + ¢4, (2)

where 7., Ty, and 7, are the tax rate for consumption, labor income and capital
income, respectively, r; denotes the rental rate of assets, and ¢, is a lump sum transfer
from the government, which includes tax revenues collected and the money injection.
As a result, there is a wealth effect from redistribution of seigniorage revenues, like that
in Wang and Xie (2013), Bhattacharya et al. (2009), and Ghossoub and Reed (2019).
Variable m; = M,;/P,; is real money holdings in period ¢, where P; is the aggregate
price level in period ¢. The inflation rate is w441 = Pi41/P — 1 in period ¢.
As in Heer (2003), the representative household faces the CIA constraint on con-
sumption as follows:
R(1 4+ 7c)er < my, (3)

®One can also interpret n¢, s; and 1-ns;-s; as the number of employed agents, unemployed agents,

and agents out of the labor force, respectively.
®Tn equilibrium, non-monetary real assets are equal to physical capital.



where h € (0, 1] is the fraction of the household’s consumption expenditure that must
be paid by real money balances. Thus, an h fraction of consumption is cash goods,
and the remaining fraction (1 — h) is credit goods. Taxes due for the purchase of cash
goods are paid in cash, and thus h7.c; is a part of the CIA constraint.

As to the evolution of employment over time, some of the agents who are searching
for jobs become employed in the next period, but some currently employed individuals
may lose their jobs in the next period. Denote 7, as the success rate of job search
in period t, which will be endogenously determined. Let 8 > 0 be the exogenous job

separation rate. The number of employed individuals in the next period is given by
N1 = NSt + (1 - 9) Tug. (4)

The problem of the representative household is to maximize the lifetime utility in
(1), subject to (2), (3) and (4), the no-Ponzi-game condition, initial values ag, mo, no,
and the feasibility conditions ¢; > 0, ny € (0,1), s¢ € (0,1). Let A\, ¢; and ¢, be the
Lagrange multipliers for (2), (3) and (4), respectively. The first-order conditions with
respect to ¢, S¢, Ng41, arp1 and mey are, respectively,

= (L T+ R, (5)

e(me +s¢)7 = oy, (6)

Be (i1 + st41)7 = B(L — Tw)wepi A + B (1 = 0) g — 4, (7)
At = B+ (1 = 7a)re1] A1, (8)

(I+m1) e =0 ()‘t+1 + Ct+1) . (9)

In these conditions, (5) equates the marginal utility of consumption to the mar-
ginal cost of consumption, and (6) equates the marginal disutility of job search to the
expected marginal gain of a successful job match. Equation (7) is the optimal con-
dition for employment tomorrow, which equates the discounted marginal disutility of
employment tomorrow to the discounted marginal benefit of employment tomorrow,
the latter being the after-tax wage income plus the adjusted shadow value of remaining
in employment later. Finally, (8) and (9) equate the marginal cost to the marginal
benefit of holding non-monetary assets and money, respectively.

Combining (5), (8) and (9) gives the following consumption Euler equation:

1 1 _ B 14+ (1= 7)1t (10)
cel+hlme+ (1+m)(1—7a)re]  cer1 1+ h[merr + (14 me1) (1 — 7o) i)

Note that in the case when h = 0, there is no CIA constraint. Then, (10) reduces

to the standard Euler equation Ci = Bl+(=7a)res]
t Ct4+1
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2.2 The Firms

There is a continuum of identical infinitely-lived firms. In each period, the firm

uses capital k; and labor n; to produce output y; according to the following technology:
ye = f (ke ne k) = Agk§n, %,

where € € (0,1) measures the income share of capital and A; is the technology level
in period t. In order for the model to exhibit perpetual economic growth, we follow
Bean and Pissarides (1993) and Eriksson (1997) and assume that the technology level
is Ay = AkY > 0, where A > 0 is a productivity coefficient and k; is economy-wide
average capital in period t, which is taken as given by the firm. In equilibrium, k; is
endogenous and equals k;. The model can sustain economic growth, when b =1 — ¢,
as in Romer (1986). Alternatively, the model reduces to a neoclassical growth model,
when b = 0, as in Heer (2003).

There is also an evolution of employment from the firm’s perspective. Employment
is increased by the inflow of workers due to recruitment and is decreased by the outflow

of workers due to job separation.

i1 = qeve + (1 — 0) ny, (11)

where v; is endogenously created vacancies, and ¢; is the rate at which a job vacancy
matches with job seekers in period t.

In order to hire workers, a firm has to post job vacancies in the labor market.
There are costs of creating and maintaining vacancies. We assume that posting and
maintaining one job vacancy costs e; = ew; > 0 units of output in period ¢, where
e € (0,1) is a constant parameter.” Hence, the representative firm’s profit flow in
period t, 1y, is equal to the output produced net of the costs of employment, capital,

and vacancy creation and maintenance.

Tﬂt =Y — Wy — (Tt + 5)kt — ey, (12)

where 0 is the capital depreciation rate.

"The cost of posting and maintaining a job vacancy is assumed to be proportional to the wage
rate. Pissarides (1990, Chapter 2) has also assumed that the associated cost of hiring proportionally
depends on the wage rate. The same assumption has also been adopted in other studies. See, among
others, Postel-Vinay (1998) and Eriksson (1997). Hall and Milgrom (2008) have demonstrated that

the cost of maintaining a vacancy for 1 day is about 0.43 days of pay.



When computing the firm’s value at time 0, the profit in any period t > 0 is
t

discounted by the market interest rates z; = H ﬁ, with zg = 1. As employment is
Z'i

=1
a state variable, the firm’s problem is an optimal control problem. The representative
firm maximizes the following discounted sum of profits

o0

max Z 2y,

{kt ULt +1 }toiO t=0

subject to the production technology and the evolution of employment in (11), where
the profit flow v, is in (12). Let &, be the Lagrange multiplier for the evolution of

employment. The first-order conditions with respect to k¢, v; and n;41 are

AckiTInl =8 = 1y 44, (13)
€t = gtqta (14>
_ z
A1 - 5)k§i{)ntf1 = w1 — [(1—0) & — Zijlgt]- (15)

Equation (13) states that, in optimum, the firm rents capital to the amount where
the marginal product of capital equals the marginal cost, the latter being the sum of
the rental rate and the depreciation rate. Equation (14) equates the marginal cost of
a job vacancy in period t to the expected marginal benefit of new hiring in period t.
Equation (15) states that in period ¢ + 1, the firm employs workers to the level where
the marginal product of labor equals the marginal cost, the latter being the wage rate

in period ¢ 4+ 1 net of the shadow value of remaining in employment in period ¢ + 1.

2.3 Job Matching

The labor market exhibits search and match frictions with the aggregate flow of
matches depending on the masses of job vacancies and seekers. Following Diamond
(1982), we assume pair-wise random matching. The number of successful job matches

is determined by the following matching function.
M (vg, 8¢) = vi‘s%_o‘, B>0and a € (0,1),

where B > 0 measures the degree of matching efficiency and o € (0,1) denotes the
elasticity that a job vacancy contributes to a match. The matching function facilitates
the endogenous determination of job finding rates and recruitment rates.

Define the tightness of the labor market as z; = Z—;

M (vg, s v\ o
nt—(sit)—B<t> = Bzy. (16)

The job finding rate is

9



By contrast, the recruitment rate is given by

M —(1-a) o
o = (ve, s¢) _ B <Ut> — Ba, (1-a) (17)
V¢ St

2.4 'Wage Determination

In a frictionless Walrasian world, the wage rate is taken as given, as there is
implicitly an auctioneer in the labor market, who sets an equilibrium wage rate so as
to equate the labor supply to labor demand. In a frictional labor market, however,
there is no auctioneer, and a job seeker would encounter at most one unfilled job at
one time and similarly, an unfilled job would be filled by at most one job seeker at one
time. This creates a bilateral monopoly.

Following conventional wisdom, the wage rate w; is determined by a matched
worker-job pair through a cooperative Nash bargaining game. Hiring an additional
worker at the wage rate wy would create a surplus of (f,; —wy) for a firm, where f,; is

the marginal product of labor in period t. Moreover, accepting an offer at the wage rate

(1+Tc)unt
(1—7Tw)uet

marginal utility of consumption and working, respectively. The expression

for a worker, where u. and u,; represent the
(l+Tc)unt :

(1—7Tw)uet 18
the after-tax marginal rate of substitution (hereafter MRS) between consumption and

w; would generate a gain of w;+

leisure, which can be interpreted as a worker’s reservation wage. We assume that all
workers have the same bargaining strength ¢ € (0, 1). The outcome of the bargaining

game is a wage rate w; that solves the following maximization problem.

max {(1 — 0) log (fut — wt) + olog (wt + m> } .

(1+TC)Unt

The optimization condition is o(fn: —wi) = (1 — o) (we + = ), which gives the

following bargaining wage.

14+ 7c€e(ng+s)°

o e+b, —e
—rw 1o + 0A(1 — )k ™n;C. (18)

we = (1— o)

Thus, the bargaining is a weighted average of the reservation wage and the mar-
ginal product of labor with the weight on the latter being the worker’s bargaining
power p. Notice that the reservation wage is proportional to the MRS between leisure
and consumption. Thus, with other things being equal, higher consumption ¢;, em-
ployment n;, and job search s; all increase the MRS, the reservation wage, and thus

the bargaining wage.
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2.5 The Government

Finally, the model is closed by setting the policy of the passive government. The

nominal money M; is assumed to grow at a constant rate p > 0 as follows.
Mgy = (1 + p) M. (19)
The government budget is balanced in each period.

Op = TeCt + TowWing + TaTear + WM.

3 Equilibrium
This section analyzes the equilibrium. We start by defining the equilibrium.

Definition 1 Given taz rates {T¢, Tw, Ta} and money growth rates {u}, a search equi-
librium consists of sequences of household’s allocations {ct, ni41, St, Qe41, M1, Yy, O Fi0,
firm’s allocations {ki,mev1, v}, prices {we,me, 172, and matching probabilities
{n, @t }52 such that

1. Given {TC7 Tw, Ta,Wt, T't, wta Tt, th, nt}7?207 the allocations {Ct7 Nt4+1, Sty At+1, mt+1}lcf>20
solve the household’s problem.

2. Giwven {wy,r, qt}2, the allocations {k¢,nii1,ve}52, solve the firm’s problem,
with profits 1, being determined by (12).

3. The rate of return ry and the wage rate wy are determined by (13) and (18),

respectively.

4. The matching probabilities n, and q; are determined by (16) and (17), respec-
tively.

5. The asset market and the goods market clear in every period, i.e., a; = ki and
et + ki1 — (1 —0)ke = yr — eqvy for all t.

6. The government budget is balanced in each period.
We are ready to analyze the equilibrium. Our focus is on the long-run effect of
monetary policies on the welfare. This section derives equilibrium conditions in our

model with sustainable growth, which is the case of b = 1 — ¢, with the model in Heer

(2003) without sustainable growth under the case of b = 0 relegated to the Appendix.
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3.1 Equilibrium in the Model with Sustainable Growth

In this case, b = 1 — ¢ and growing variables increase without a bound. To ensure

a stationary system, we will transform the equilibrium system by deflating growing
variables by capital stock k;.

The equilibrium system is characterized by a system of seven difference equations.

The system governs the dynamic properties of {x;, ¢, N1, St, Te41, ge+1, ¢ }, where x;

= ]% and ¥ = %’f are, respectively, the ratio of consumption to capital and the ratio

ki1
k¢

of real money balances to capital, and g;11 = — 1 is the growth rate of capital
from period ¢ to period ¢ + 1.

First, if we let w; = ¢ denote the ratio of wage to capital, then (18) gives

14+ 7ce(ne+s)°
1—7y 1/Xt

wr=(1-p) + 0A(1 —e)n; ©. (20)

Next, the resource constraint, divided by k;, is
Xt + gt+1 + 0= An%_a — EWtStTt. (21)

Moreover, substituting (16) into (4), the law of motion of employment in equilib-
rium is

ner1 = Bxf'sy + (1 — 0) ny. (22)

Using (13), we can rewrite the Euler equation in (10). If we multiply both sides of

the equation by ¢;y1, with some manipulation, the Euler equation is rewritten as

Xtt1 L+ gee1 BIL+(1— Ta)(A5nt1J:1E —9)]

_ , 23
Xt W(mene) U (1, me41) 23)
where, (¢, ns) = 1 + hlmy + (1 + 7)(1 — 74)(Aen} ¢ — 5)].
Furthermore, using (19), the inflation rate in period t + 1 is given by
v 1
mean = (14 )2 =) (24)

Vr1 1+ gra
In addition, combining (14) and (15) and substituting (6) into (7) yield firms’

demand for labor and households’ supply of labor, respectively, and are as follows.

1 - e(1-0) Ewt
Al —en S+ | ——— — 1| wiy1 ¢ = . (25
1+ Aenyi§ =0 { (=) Baj ] v B ™ (1 + ger1) 29)
6(7’Lt—|—3t)0 _ |:(1 —Tw) Wi+1 1 —E(nt+1 —I—St+1)a n (1 —0)6(7’Lt+1 —|—3t+1)0
By (L4 7¢) Xepr U(Teq1, ne41) Baxf,
(26)
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Finally, the binding CIA constraint, divided by k¢, is
h(1+7e)xy = Ve (27)

Thus, the equilibrium system consists of the seven difference equations (21) - (27),
which determine the seven variables x;, z¢, nt41, St, Ter1, V¢ and geyq.

In the model without sustainable growth, Shi and Wen (1997) have shown that,
given constant search intensity s, the steady state is locally stable and thus the equlib-
rium path toward the steady state is a saddle, if the intertemporal elasticity of substi-
tution is sufficiently large. Heer (2003) is otherwise identical to Shi and Wen (1997)
except for endogenous search intensity s. Setting the intertemporal elasticity of sub-
stitution at %, Heer (2003) numerically showed that the steady state is a saddle. Our
model is otherwise identical to Heer (2003) except for b = 1 — e > 0, and thus the
model exhibits sustainable growth. We have followed Heer (2003) and numerically
shown that the balanced growth path (BGP) is a saddle.

The equilibrium is on a BGP, when x;, xt, n¢, s¢, ¢, ¥ and ¢; are constant over
time, denoted by x, z, n, s, m, ¥, and g, respectively. Note that in the BGP, ¢, v,
wy and k; all grow at the common growth rate g. The conditions that determine the
BGP are as follows.

First, in the BGP, the resource constraint in (21) becomes
X+ g+06=An'"¢ — ews, (28)

where, using (20), w = w(n, s, x) = 0A(1l —e)n™° + (1 — g)%x (n+s)7.
Next, along the BGP, the law of motion of employment in (22) and the consumption

Euler equation in (23) become, respectively,

Bx%s = 0On, (29)
14+g=pB14+ 1 —71)(Aen!™c —§)]. (30)
Moreover, in the BGP, the inflation in (24) becomes

_ ey

_ 31
Tty (31)

Finally, in the BGP, labor demand, the labor supply, and the CIA constraint in
(25)-(27) are, respectively, as follows.

1 _ e(l—0) ew
Al -+ | q|wb=— & 2
14+ Aenl—<¢—-§ { (I=en™ + [ Byo—1 ] w} Bz=1(1+g)’ (32)
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e(n+s)’ l—7pw 1 e(n+s)?
SarTey d 1—g) 2

b 14+ 7. x U(m,n) +(1-9) Bz~
h(147c)x = 7. (34)

—e(n+s)],  (33)

Along with the w(n, s, x) equation, the BGP system includes seven equations (28)-
(34) that determine seven variables {z,n,s, 7,9, x,g}. Once {z,n,s, 7,9, x,¢g} are
determined, as ¢, vy, wy and k; all grow at the common growth rate g along the BGP,
the values of ¢, y¢, wy and kt over time along the BGP are in turn determined. Hence,
all variables along the BGP are solved.

The optimal long-run money growth rate is determined by taking the first-order
condition of household’s discounted lifetime utility with respect to the growth rate
of money supply p and equating the condition to zero. The utility is a function of
variables {n, s, x}. Thus, it suffices to study the welfare effect by analyzing the effect
of a change in the seigniorage tax p upon variables {n,s, x}. This is possible, if we
could simplify the seven equation BGP system (28)-(34) into one with only the labor
demand (32) and the labor supply (33) in terms of two variables {n,z}.

It is clear to see that the labor demand locus (32) and the labor supply locus
(33) depend on the wage term w. However, in (20), the wage term w is so non-linear
and complicated that is a function of three variables, {n,s, x}. The non-linar form
w(n, s, x) is due to the workers having the reservation wage (i.e., an outside option) in
the cooperative Nash bargaining game. The first term in the right-hand-side of (20)
is what comes from the reservation wage. This term makes w(n, x, s) so non-linear in
variables {n, s, x}, and thus the labor demand locus (32) and the labor supply locus
(33) are very non-linear in {n, s, x} and {m, x}. As a result, it is impossible to simplify
the seven equation BGP system (28)-(34) to one with two equations in variables {n, x}.
Then, it is impossible to analyze this model.

Note the case that if a worker has no reservation wage, the first term in the right-
hand-side of (20) is zero and the wage is only a fraction of the marginal product of labor.
Then, it is possible to analyze this model. Indeed, the seven equation BGP system
is simplified to a recursive two equation system (32)-(33) in terms of two variables
{n,z}, with the labor demand locus (32) uniquely determining the tightness of the
labor market z*, and then with the use of x*, the labor supply locus (33) uniquely
determining the employment n*. As a result, there exists a unique BGP. See the
Appendix in Subsection 6.2 for the proof.

Alternatively, in the case of a take-it-or-leave-it-offer for the wage bargaining, as in
Wang and Xie (2013), we also can simplify the wage in (20). With the simplified wage,
it is possible to analyze this model. Indeed, we can again reduce the seven equation

BGP system to a recursive two equation system in terms of two variables {n, z}, with
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the labor demand locus (32) uniquely determining the tightness of the labor market
x*, and the labor supply locus (33) uniquely determining the employment n*. As a
result, there exists a unique BGP. See the Appendix in Subsection 6.3.

Finally, we may wonder whether the results are different if a linear matching func-
tion is used.® We have studied a version of our model with a linear matching function a
la Diamond and Maskin (1979) and Diamond (1982). We find that the wage function
is still so non-linear and complicated so that w is a function of {n, s, x}. As a result,
the labor demand locus and the labor supply locus depend on {n,s, x, 7, z}, and it is
impossible to analyze this model. If we assume that a worker has no reservation wage,
we can simplify the equilibrium system to a recursive two equation system, with the
labor demand locus uniquely determining the tightness of the labor market x*, and
the labor supply locus uniquely determining the employment effort n*. As a conse-
quence, the existence and uniqueness of the steady state is analytically shown. See the
Appendix in Subsection 6.4.

Note that, in all the above three cases, no matter whether it is the case without the
reservation wage, the case of take-it-or-leave-it-offer, or the case with a linear matching
function, the equilibrium can be analyzed only because they all have no reservation
wage. Thus, the benefit of no reservation wage is that the equilibrium system can be
simplified, so it is possible to analyze the model. Yet, there is a big cost in that a
worker’s reservation wage encodes the relevant information in determining the wage,
but the labor supply locus is not affected by the reservation wage. As a result, the
labor supply does not exhibit an inverted U relationship between the money growth
and the employment, so there is not a positive optimal money growth rate. However,
the reservation wage is not only important for the determination of the wage and thus,
the optimal money growth rate here, but it is also important for many other issues.
For example, in addressing the importance of workers’ reservation wages, Blanchard
and Katz (1999) have argued that different reservation wages can explain the different
(wage) Phillips-curve relationships between the US and the EU, and different reserva-
tion wages have important implications for the effects of a number of variables, from
real interest rates to oil prices to payroll taxes, on the natural rate of unemployment.
Moreover, Shimer and Werning (2007) claimed that workers’ reservation wages encode
all the relevant information about the welfare, and the optimality of unemployment
insurance is based on the responsiveness of reservation wages to unemployment ben-

efits.’ Given that workers’ reservation wage encodes the relevant information about

8 An anonymous referee suggests us to study the version with a linear matching function.
9See Fishe (1982) and Feldstein and Poterba (1984) who also stressed the important role of the

reservation wage.
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the welfare, in what follows we study the properties of optimal money growth rates in
our model under the case with workers’ reservation wage.

Indeed, Heer (2003) also found it impossible to analyze his model, which is the case
when b = 0 in our model. As a result, Heer (2003) noted that the effects of a change in
the growth rate of money supply cannot be studied analytically but only numerically
in his model with the reservation wage. For this reason, in the next section we follow
Heer (2003) and calibrate our model with the reservation wage in order to investigate

the optimal money growth rate.

4 Quantitative Analysis

This section calibrates our model in order to match characteristics of the US econ-
omy. These characteristics include the labor force participation rate, unemployment

rate, inflation rate, and real GDP growth rate.

4.1 Calibration

In the model economy, 16 parameters need to assign values: preference (3, € and
o), production (A4, €, § and e), labor market (B, «, 6 and p), monetary parameters (u
and h), and government (7, 7, and 7.). The time frequency is quarters.

First, we follow Cooley (1995) and set the quarterly discount factor at 8 = 0.99,
which corresponds to an annual discount rate of 4%. Next, we set o = 2.25. This
parameter value indicates the labor supply elasticity of 0.4, which is consistent with the
estimates reported in MaCurdy (1981) and Killingsworth (1983). Following Kydland
and Prescott (1982), we set the capital share in income at ¢ = 0.36. The capital
depreciation rate is set to be § = 0.025, which indicates an annual depreciation rate
of 10%. According to the Job Openings and Labor Turnover Survey (JOLTS), the
average quarterly separation rate was 10.45% during 2001-2015. We abide by the
JOLTS and set 8 = 0.1045.

Moreover, Hall and Milgrom (2008) have estimated and found the daily cost of
opening a job vacancy at about 43% of daily wage, which we follow, setting e = 0.43.
As to the wage bargaining, we follow Albercht and Vroman (2002) and simply set an
equal share for workers and firms, and thus ¢ = 0.5. This value is within the range of
0.3 and 0.6 that is commonly used.!® To ensure that the Hosios condition is met, we
set @ = 0.5. We follow Wang and Xie (2013) and set the tax rates at 7, = 7, = 0.2

'9See, among others, Andolfatto (1996), Shi and Wen (1999), and Domeij (2005).
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and 7., = 0.05, which are commonly chosen in the dynamic tax incidence literature
calibrating the U.S. economy. Following Heer (2003), we set h = 0.84, so 84% of the
consumption expenditure goes to cash goods.

Finally, the remaining four parameters (u, A, B, €) are calibrated simultaneously in
order for the steady state of the model economy to match four key statistics in the US.
The first target is a 0.5% average quarterly real economic growth rate in 1947-2015.
The second target is a 0.881% average quarterly inflation rate during 1947-2015. The
third and fourth targets are the labor force participation rate and the unemployment
rate, which on average were 62.9% and 5.8%, respectively from 1948 to 2015. The
calibration gives p = 0.0139, A = 0.1706, B = 1.027 and ¢ = 2.7862.

The baseline parameter values are summarized in Table 1. When b = 0, the model
reduces to Heer (2003), and does not exhibit sustainable growth. By contrast, when
b = 1—¢, the model exhibits sustainable growth. Given the baseline parameter values,
we have numerically shown that there exists a unique BGP. Moreover, the equilibrium
path toward the BGP exhibits saddle-path stability.

[Insert Table 1 here]

Our calibration indicates that in the long run, the size of employed agents is n =
59.25%, and the size of unemployed agents is s = 3.65%, while the remaining fraction
of agents out of the labor force is (1 —n —s) = 37.1%. These values imply that
the unemployment rate is 5.80%.!' In addition, the job finding rate per quarter is
n = 1.697.12 A larger-than-one job finding rate means that, on average, a job seeker
has more than one job match per quarter.

Moreover, in the model with sustainable growth, the firm’s recruitment rate per
quarter is ¢ = 0.622. In order to match the inflation rate in the model with sustainable
growth, the money growth rate per quarter is calibrated at u = 1.39%. Our calibration
indicates that the quarterly consumption-capital ratio is y = 8.68% and the quarterly
economic growth rate is ¢ = 0.5% in the model with sustainable growth.

Alternatively, in the model without sustainable growth, the firm’s recruitment rate
per quarter is ¢ = 0.646. In order to match the inflation rate in the model without

sustainable growth, the money growth rate per quarter is calibrated at pu = 0.881%.

"'The unemployment rate is calculated as the size of the unemployed in the labor force, and the
labor force here is equal to the sum of employed and unemployed agents; i.e., s/(n+s). Note that the

unemployment rate is also implied by 6/(6 + 7) in the model.
12The job finding rate is the total number of job matches divided by the total number of job seckers;

ie., n, = M;/s;. With the job separating rate § = 0.1045, n = 1.697 implies that the unemployment

rate is 5.80%, consistent with the value mentioned above.
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Our calibration indicates that equilibrium consumption is ¢ = 1.5186 and capital stock

is k = 20.194 in the steady state in the model without sustainable growth.

4.2 Numerical Results

Now, we offer the numerical effects of a change in the money growth rate. We
focus on the effects on the consumption-capital ratio, the inflation rate, employment,

unemployment, the economic growth rate, and the welfare in the long run.

4.2.1 Model without Sustainable Growth

We begin with the model without sustainable growth, which is the model studied
by Heer (2003). The baseline of the money growth rate is p = 0.881% in the model
without sustainable growth. We explore the effects on key endogenous variables in the
steady state when the money growth rate is changed in the range of u € [—0.5%, 2.5%]
that covers the baseline rate. The results are illustrated in Figure 1.

[Insert Figure 1 here]

Figure 1 highlights the following. Firstly, when the money growth rate u decreases,
the rate of inflation goes down. In the presence of the CIA constraint, households sub-
stitute consumption for leisure. As consumption ¢ increases, savings decrease, which
reduces capital stock k. As agents decrease leisure, they increase their search effort.
More agents searching for jobs enlarges the size of unemployment s. More job seekers
would increase the rate g at which firms fill a vacancy, which encourages firms to create
more vacancies v. However, as consumption increases and leisure decreases, the MRS
between leisure and consumption increases, which increases the reservation wage and
hence, the bargaining wage w. A higher wage would discourage firms’ recruitment ac-
tivities. For the baseline calibration, the latter effect dominates, and thus the vacancy
decreases.

Next, there are also two offsetting effects on the size of employment n. On the one
hand, since n=ns/0, if the job finding probability 1 is unchanged, an increase in the
size of unemployment s would enlarge the size of employment n. On the other hand,
as firms decrease their posted vacancies v, the job finding probability n will decrease,
which will in turn shrink the size of employment n. For the baseline calibration, the
former effect dominates, and thus the employment decreases in the steady state.

Our quantitative exercises indicate that a decrease in the money growth rate from
the baseline 0.881% to 0% increases consumption by 0.32 percentage points (from
1.5186 to 1.5218) and unemployment by 0.19 percentage points (from 0.0365 to 0.0384),
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while employment falls by 0.03 percentage points (from 0.5925 to 0.5922), and capital
also decreases by 1.1 percentage points (from 20.194 to 20.183). As a consequence, the
wage rate increases by 0.75 percentage points (from 2.1149 to 2.1224) and posted va-
cancies decrease by about 0.48 percentage points (from 0.0959 to 0.0911). We find that
the household’s welfare increases as the money growth rate decreases from the baseline
rate to 0%, as the increase in utility from considerably higher consumption compen-

sates for the decrease in utility from a higher labor force and thus, lower leisure.!?.

4.2.2 Model with Sustainable Growth

Next, we examine the model with sustainable growth. The baseline of the money
growth rate is u = 1.39% in the model with sustainable growth. We analyze the effects
on key endogenous variables in the BGP when the money growth rate is changed in
the range of v € [0%, 4.5%], which covers the baseline rate. The results are illustrated
in Figure 2.

[Insert Figure 2 here]

Figure 2 highlights the following. Like the model without sustainable growth, an
increase in the money growth rate u raises the inflation rate. The presence of a CIA
constraint on consumption induces households to substitute leisure for consumption
and to replace real money balances m by capital k. As a result, the ratio of consumption
to capital y decreases. Moreover, as agents increase leisure, they reduce the search
effort. Hence, the size of unemployment s decreases.

Two offsetting effects on firm’s hiring activities v are at work. On the one hand,
since there are fewer agents searching for jobs, the firms’ recruitment rate ¢ is reduced,
which deters firms from hiring activities v. Conversely, as the consumption to capital
ratio falls, the MRS between leisure and consumption decreases. Thus, the reservation
wage decreases (c.f. (20)), which leads to a lower wage to capital ratio w. A fall in the
wage-capital ratio increases firms’ recruiting activities v. The net effect depends on
whether the former effect or the latter effect dominates. For the baseline calibration,
the latter effect dominates, and thus the posted vacancy increases in the BGP.

Moreover, two counteracting effects influence the size of employment n. At the
outset, as n = ns/0, with a given job finding probability 1, a decrease in the unem-
ployment size s will reduce the employment size n. In contrast, as recruiting activities

v increase, the job finding probability 7 is enhanced, which in turn raises the employ-

13Recall that the labor force is the sum of employed and searching agents. When the quarterly
money growth rate decreases from the baseline of 0.881% to 0%, as the increase in searching agents is

larger than the decrease in employment, the labor force thus increases.
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ment size. For the baseline calibration, the latter effect dominates the former effect.
Thus, the size of employment increases in the BGP. As both employment and capital
increase, the real interest rate (i.e., the marginal product of capital) is pushed up and
the economic growth rate g increases.

In our quantitative exercise, if the quarterly money growth rate is decreased from
the baseline 1.39% to 0%, unemployment would increase by 0.29 percentage points
(from 0.0365 to 0.0394) and employment would decrease by 0.04 percentage points
(from 0.5925 to 0.5921), while the consumption to capital ratio would increase by 0.4
percentage points (from 0.868 to 0.872). As a result, the wage to capital ratio would
increase by 0.07 percentage points (from 0.1219 to 0.1226) and vacancies posted by
firms would decrease by 0.75 percentage points (from 0.0996 to 0.0921). In the BGP,
we find that as the money growth rate is decreased to 0%, the household’s welfare
decreases, since the increase in utility from a higher consumption to capital ratio does
not compensation for the decrease in utility from a higher labor force and thus lower
leisure. By contrast, when the quarterly money growth rate is increased modestly
from 0%, the increase in utility from more leisure serves as compensation for a lower
consumption to capital ratio. We find that the welfare is increasing in the money
growth rate, until the money growth rate reaches around 1.02%. Thus, the optimal
money growth rate is positive. Using (c.f. (31)), the optimal money growth rate at
1.02% implies an optimal inflation rate of 0.5% per quarter, or equivalently, an inflation

rate of 2% per year.

4.3 Dynamic Welfare Effects of Inflation

We have analyzed the long-run effects of changes in the rate of money growth in
models with and without sustainable growth. Changes in the rate of money growth
also have transitional dynamic effects. In this subsection, we calculate the welfare
effect of moderate rates of inflation, taking into account the transition dynamics.

Recall that, to generate the same quarterly inflation rate of 0.881% in the US
data, the quarterly baseline rate of money growth is calibrated at p = 0.881% for the
model without sustainable growth, whereas it is calibrated at p = 1.39% in the model
with sustainable growth. Now, we carry out the exercise of unexpected permanent
changes in the rate of money growth from the baseline level to different levels. As
the money growth rate changes, the equilibrium path will shift and gradually moves
toward a new long-run equilibrium. Specifically, when there is a permanent change
in the money growth rate from the benchmark rate to a new rate, the allocation will

move from the baseline path {c, s, n:}i=5° toward a new equilibrium path {cf, s},
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nfH=5°. The resulting welfare change in terms of the consumption equivalence « is

calculated as follows.

Zﬁtu((l—i—/ﬁ)ct,nt—i—st) = Z,Btu(c;f,nf + s7). (35)
=0

t=0

Thus, if « > 0, the representative household has a welfare gain in that the money
growth rate increases consumption at the growth rate of x. By contrast, if x < 0,
there is a welfare loss because of a decrease in the growth rate of consumption. The
dynamic welfare effects are illustrated in Figures 3 and 4.

Figure 3 is the welfare change in consumption equivalence in the model without
sustainable growth. As seen from the figure, when the quarterly money growth rate
decreases from 2.5%, the welfare gain measured in consumption equivalence monoton-
ically increases. This pattern is also illustrated in Table 2 in terms of selective money
growth rates that are smaller and larger than the baseline rate of 0.881%. The welfare
is maximized when the money growth rate is u = —0.5%. Our computation indicates
that a reduction in the growth rate of the money supply from the baseline rate of
0.881% to the optimal rate of —0.5% gives rise to a welfare gain that is equivalent to
a consumption growth rate of 0.095% per quarter. Even for a reduction in the rate
of money supply to zero, there is a welfare gain equivalent to a consumption growth
rate of 0.064% per quarter. Thus, as in Heer (2003), the optimal monetary policy in
the model without sustainable growth consists of a deflation consistent with a zero or
near-zero nominal interest rate as advocated by Friedman (1969).

[Insert Figure 3 and Table 2 here]

Figures 4 is the welfare change in consumption equivalence in the model with
sustainable growth. By contrast, it is obvious to see that the figure displays a pattern
that is very different from Figure 3. The figure is not monotonic in the money growth
rate, and a monotonic reduction in the money supply from the baseline rate of 1.39%
does not necessarily increase the welfare. As seen from the figure, it exhibits an inverted
U shape. When the growth rate of the money supply decreases from the baseline rate
of 1.39%, the welfare first increases and then decreases. Such a non-monotonic pattern
is also illuminated in Table 3 in terms of selective money growth rates that are smaller
and larger than the baseline rate. Our quantitative exercises suggest that the welfare is
maximized when the money growth rate is decreased to p = 1.02%. Such a decrease in
the money supply growth rate from the baseline to the optimal one raises the welfare to
the level equivalent to a consumption growth rate at 0.005% per quarter. Thus, even
along the transitional dynamic path, the Friedman rule does not hold in our economy

with sustainable growth.
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[Insert Figure 4 and Table 3 here]

4.4 Sensitivity Analysis

This subsection carries out sensitivity analysis.

4.4.1 Changes of Key Parameter Values

This sub-subsection confirms that our results of dynamic welfare analysis in the
previous subsection are robust with regard to the choice of the parameter values.
We will change four key parameter values: the inverse of the labor supply elasticity
o, workers’ bargaining power p, vacancy cost parameter e, and the CIA constraint
parameter h.

In our analysis, we perform an analysis of increasing and decreasing each of these
four parameter values from the baseline. For each new set of parameter values, we
have found a new BGP which is unique. Moreover, the equilibrium path toward the
new BGP exhibits saddle-path stability. Using each set of parameter values as a new
baseline, we then analyze numerical effects of unexpected permanent changes in the
rate of money growth to different levels in each set of parameter values. The results
are reported in Figure 5 and Table 4.

[Insert Figure 5 and Table 4 here]

From Figure 5, it is clear that all charts are not monotonic in the money growth
rate. Indeed, they all exhibit an inverted U shape. As a consequence, for all cases of
these changes in parameter values, the optimal money growth rate is positive, departing
from the Friedman rule.

Moreover, according to Table 4, when the labor supply elasticity % increases from
the baseline to % or decreases to 2—%, the optimal money growth rate p*decreases
to 0.38% per quarter or increases to 1.62% per quarter. When workers’ bargaining
power g increases from the baseline to 0.55 or decreases to 0.45, the optimal money
growth rate p* increases to 1.892% per quarter or decreases to 0.06% per quarter. In
addition, when the fraction of household consumption paid by cash h increases from
the baseline to 1 or decreases to 0.7, the optimal money growth rate p* decreases
to 0.72% per quarter or increases to 1.386% per quarter. Finally, a change in the
vacancy cost parameter e does not change the optimal money growth rate. Table 5
also reports the corresponding welfare gains in consumption equivalence x when one
of these parameter values changes from the baseline and the optimal money growth

rate also changes from the baseline to the corresponding rate.
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4.4.2 Exogenous Growth Model with Externalities

Is it possible that a sufficiently large capital externality in an exogenous growth
model is enough for our results, and an endogenous growth context is not necessary?
Recall that our production function is y; = Akfn%_al;:f. To investigate whether or
not such a possibility may emerge, we would need to restrict our model to one with
b <1 — ¢, so the model reduces to an exogenous growth model with an externality.

As our baseline calibration sets € = 0.36 and thus, 1 — ¢ = 0.64, we shall restrict
the value of b to be less than 0.64. Under this restriction, we recalibrate our model.
It turns out that the model can be recalibrated only when b < 0.21.'* Thus, we limit
the value b to be less than or equal to 0.21. Under the new set of parameter values,
for a value of b < 0.21 we have found a new steady state which is unique. Moreover,
the equilibrium path toward the new steady state exhibits saddle-path stability. Using
the new baseline, we analyze numerical effects of unexpected permanent changes in
the money growth rate to different levels. The quantitative results are not different
from those in Figure 1, and thus the optimal money growth rate is zero.'> Hence, the

results are like those in subsection 4.2.1, and thus the same as Heer (2003).

4.4.3 Endogenous Growth Model without Externalities

Finally, can an endogenous growth model without capital externalities yield posi-
tive optimal money growth? To understand whether or not this is possible, we modify
our production function to y; = Aktntl_e, so there is no capital externality. To calibrate
the model, we maintain our baseline parameter values as those in Table 1, except for
b = 0. Note that, even with b = 0, to match the quarterly inflation rate, the calibrated
money growth rate is still 4 = 0.0139 and thus, the same as that in Table 1.

For the new set of parameter values, we have found the existence of a new BGP
which is unique. Moreover, the equilibrium path toward the new BGP exhibits saddle-
path stability. Using the new baseline, we analyze numerical effects of unexpected
permanent changes in the rate of money growth to different levels. The quantitative
results are illustrated in Figure 6

[Insert Figure 6 here]
As is clear from Figure 6, the results are the same as those in Figure 2. In particular,

the welfare is not monotonic but exhibits an inverted U shape in the money growth

YWhen the parameter value of b is larger than 0.21, the external effect is so strong that the model

is explosive, which leads to failures in the calibration.
15To save space, numerical effects are not reported.
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rate. See the plots in the bottom panel of Figure 6. Therefore, an endogenous growth
model without capital externalities also yields a positive optimal money growth rate

at 0.3% per quarter.

5 Concluding Remarks

In this paper, we revisit the Friedman rule in a labor search model and analyze
the effect of seigniorage on employment and welfare. Our model extends the labor
search models with CIA constraints of Heer (2003), Cooley and Quadrini (2004), and
and Wang and Xie (2013) to one that allows for endogenous growth. We show that,
even without imposing a liquidity effect or a CIA constraint on the wage payment,
an endogenous growth model offers a different channel through which a higher money
growth rate leads to higher employment, higher economic growth, and higher welfare,
thus departing from the Friedman rule.

In our model, an increase in the money growth rate from zero percent raises the
inflation rate in the long run. The presence of a CIA constraint on consumption induces
households to substitute leisure for consumption and to replace real money balances
with capital, thus decreasing the ratio of consumption to capital. As the effect via
a fall in bargaining wage dominates the effect through a drop in job search due to
higher leisure, the posted vacancy increases. Moreover, because the effect via firms’
higher recruitment activities dominates the effect through a decrease in unemployment,
the employment size increases in the long run. In our endogenous growth framework
with the technology exhibiting constant returns with respect to aggregate capital,
the marginal product of labor is high, because labor and capital are complements in
production. Due to a high marginal product of labor, a modest increase in the money
supply would raise employment, enlarge output and increase welfare. Therefore, our
model creates a channel for the inflation tax to depart from the Friedman rule.

Finally, we have compared two models without and with endogenous growth, but we
do not provide the readers with arguments regarding which model better fits the data.
In answering the question, we note that the two models under study are otherwise
identical except without and with endogenous growth. As a result, with the same
binding cash-in-advance constraint, both models imply the income elasticity of money
equal 1, which is consistent with the data in the US. However, on the one hand, the
model without endogenous growth gives a zero optimal money growth rate, and thus
a zero rate of inflation. On the other hand, the model with endogenous growth gives

a positive optimal money growth rate, and thus a positive inflation rate, with an
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optimal annual inflation rate being around 2%. According to the Fed (2020), following

its meeting in January 2012, the Federal Open Market Committee issued a statement,

and noted in its statement that the Committee judges that inflation at the rate of 2

percent is most consistent over the longer run with the Federal Reserve’s statutory

mandate. In view of the additional feature, our model with endogenous growth fits
the data better.
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6 Appendix

(Not Intended for Publication)

6.1 Equilibrium in the Model without Sustainable Growth

The model without sustainable growth is the case of b = 0. This case re-
duces to Heer’s model. In this case, the equilibrium is characterized by a system of
seven difference equations that governs the dynamic properties of the seven variables
{cty kis1, T, N1, St, Tep1, My . 1t i easy to derive these seven equations in equilibrium.

In the model without sustainable growth, Shi and Wen (1997) have shown that,
given constant search intensity s, the steady state is locally stable and thus the equi-
librium path toward the steady state is a saddle, if the intertemporal elasticity of
substitution is sufficiently large. Heer (2003) is otherwise identical to Shi and Wen
(1997) except for endogenous search intensity s. Setting the intertemporal elasticity
of substitution at %, Heer (2003) numerically showed that the steady state is a saddle.
Except for setting the intertemporal elasticity of substitution at 1, our model with
b = 0 is the same as Heer (2003), and thus the steady state is a saddle.

Let ¢, k, z, n, s, m, and m be the steady-state values of ¢, k¢, x¢, n¢, S¢, 7 and
my, respectively. The steady-state equilibrium can be obtained when ¢; = ¢, ki = k,
T =x,n =mn, S4 =8, 1y = and my = m for all t. The seven difference equations in
the steady state are derived as follows.

First, combining the definition of the tightness of the labor market and the as-

sumption of the vacancy cost, the steady-state resource constraint becomes
c+ 6k = Ak*n' ¢ — ewsuz, (36)

where w is the steady-state wage rate and, from (18), is given by

1+7.e(n+s)’
1—74 1/c

w=(1-p) + 0A(1l —e)k*n°.

Next, the consumption Euler equation in the steady state is

1
5= L4+ (1 —7,)(Acks It =2 —§). (37)
In addition, substituting (14) into (15), and combining (6) and (7), firms’ labor

demand and households’ labor supply in the steady state are, respectively,

1 . {A(l Ok 4 [6(1 —9) _ 1} w} - (38)

1+ Aek=—Tnl—s — Bzl ~ Bao



e(n+s)?
Bz~

1 —Tw W 1
1+7c ¢ 14+hlp+ (14 p)(1 —74)(Acks—1Inl—e — §)]

—e(n+s)7}.
(39)
Moreover, with (3), (4) and (16), the law of motion of employment and the binding

[1-5(1-0)] =B{

CTA constraint in the steady state are, respectively,
Bx%s = 6n, (40)

h(1+7c)c=m. (41)

Finally, by dividing both sides of equation (19) by P;, the steady-state inflation
rate is
l+7m=1+p. (42)

The steady-state system in (36) - (42) determines the seven variables {c, k, x,n, s, 7, m}.

6.2 Existence and Uniqueness of BGP When Workers Have no Reser-

vation Wages

This Appendix shows the existence and uniqueness of a BGP if the workers do
not have a reservation wage in the cooperative Nash bargaining game. In this case,
the wage bargaining game solves the following maximization problem.

max [(1 — p) log (fnt — wi) + ologwy] .

we

The optimization condition is o(f,; — w;) = (1 — g)wy, which gives the following
bargaining wage w;.
wy = pA(1 — e)kiTon, e, (43)

Thus, the bargaining wage is a fraction of the marginal product of labor with the
fraction being the worker’s bargaining power o.

In the case of sustainable growth, b = 1 —¢, and growing variables increase without

wy

i denote the ratio of wage to capital, then (43) gives

a bound. If we let w; =
wr = pA(l —e)n; ©. (44)
Next, the resource constraint, divided by k;, is

Xt + g1 +90 = An%fg — eWiSTy. (45)

Moreover, substituting (16) into (4), the law of motion of employment in equilib-
rium is
ni+1 = Bxi'sy + (1 — 0) ny. (46)
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Using (13), we can rewrite the Euler equation in (10). If we multiply both sides of

the equation by c¢;y1, with some manipulation, the Euler equation is rewritten as

Xyt L gin B+ (1= 7a)(Aeny i — 0)]

_ : 47
Xe W(me,ne) U(mes1, nes1) 47)
where, (¢, n¢) = 1 + hlmy + (1 + 7) (1 — 74) (Aen} = — 5)].
Furthermore, using (19), the inflation rate in period ¢ + 1 is given by
v 1
Ty = (1+ p) o - L (48)

Ver1 1+ grp1

In addition, combing (14) and (15) yields firms’ demand for labor as follows.

_ e(1—-10) 1— ewy
A(l—e)n, 5 = w1 — ———wi41 + (L + Aen, .1 — 9) — .
o Bz o Bag (1 + gr41)

£

Substituting w; = pA(1 — ¢)n; © into the above demand for labor equation yields

eoA(l —e)n, " e(1-0)
Bz ' (14 gi+1) Ball!

(1-0)A(1—e)n, 5 = (1 +A5n%;15—6) 0A(1—e)n, 5. (49)

In addition, substituting (6) into (7) yield households’ supply of labor as follows.

i 1— 1 1—-6 + U
€ (nt +a8t) — /8 ( Tw) Wi+1 . G(nt+1 4 8t+1)a 4 ( )é(ntzl St+1)
By (1 +7¢) Xes1 W(met1, net1) Bz
(50)
Finally, the binding CIA constraint, divided by k&, is
h(1+7e)xe = Ve (51)

Now, we derive the conditions that determine the BGP. First, in the BGP, the

resource constraint in (45) becomes

X+g+8=An'"% — ewsr, (52)

where, using (44), w = 0A(1 —e)n™°.
Next, along the BGP, the law of motion of employment in (46) and the consumption

Euler equation in (47) become, respectively,

Bx%s = 6n, (53)

14+g=78[1+1—71,)(Aen'—¢ = 5)]. (54)
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Moreover, in the BGP, the inflation in (48) becomes
1
= i 1
1+g
Finally, in the BGP, the labor demand, the labor supply, and the CIA constraint
in (49)-(51) are, respectively, as follows.

(55)

eo 14+ Aenl—2 -6
1 —1
0= 2 ( o +6), (56)
en+s)? (l-rmpw 1 +(1_0)M_E(n+3)0 (57)
Bz U [ 147 x ¥(m,n) Bae |
h(L+7e)x =7 (58)

Along with the w(n) equation, the BGP system includes seven equations (52)-
(58) that determine seven variables {z,n,s,m,9,x,g}. Once {z,n,s,m,3J,x,g} are
determined, as c¢;, ¢, w; and k; all grow at the common growth rate g along the
BGP, the values of ¢, y¢, w: and k; along the BGP are in turn determined. Hence, all
variables along the BGP are solved. To simplify the algebra, without loss of generality,
below we let 7. = 7, = 74 = 0.

First, in the BGP, substituting (54) into the labor demand equation (56) yields

1—926%1&(;—1%). (59)

As a result, in the (n,z) plane, the labor demand locus (59) is a horizontal line,

which uniquely determines the value of * in the BGP.
Next, in the BGP, the labor supply equation (57) is

s [1—=06(1-0) W 1
Bz« +ﬁ] _/8;1—4—11[77—#(1-}—77)(/15711_5—5)]

Note that the right hand side of the above labor supply equation has two com-

e(n+s)

(60)

plicated terms: £ and 7+ (1 + 7)(Aen'=¢ — §). To simplify these terms, recall that
w = 0A(1—¢)n~¢ and from (52) x = An'~° —ewsz —g—4§. Moreover, using Bz%s = On
and1+g=p (1 + Aent—c — 5) , the term % is simplified as

w o 0A(l —e)n=¢
X  Anl=e[1— Dal-op(l—e)—Be] + (1 - B) (1 -6)
Moreover, using the relationship ©m = % —1= m — 1, the term 7 + (1 +
7)(Aen!=¢ — §) is simplified as
1
74 (14 m)(Aen' ™ — ) = ;“ Y
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On

g.rx and the two simplified terms above into the labor supply

Now, substituting s =

equation (60) gives

€0 6 \’[1-8(1-06) _ 0A(1 —e)n~¢ 1
3 <1+BﬂJ [ Bz~ +ﬁ] Anl=e [1 — Dal-ap(l—e) — Be] + (1 — ) (1 —8) ¥(k)’

where ¥(u) = w is a constant. If we divide both sides by n?, we obtain

€ 0 \°[1-8(1-0) 0A(1—¢e)n=—c° 1
— |1+ +8| = ] :
B Bz Bax® Anl=e [1 — Lal=op(l —¢) — Be] + (1 = B) (1 — 6) ¥(n)
(61)
Since the labor demand (59) has uniquely determined the value of z*, then the
labor supply equation (61) uniquely determines the value of n* as a function of z* and

the parameters. Thus, there exists a unique BGP (n*, z*).

6.3 Existence and Uniqueness of BGP under a take-it-or-leave-it-

offer

This Appendix shows the existence and uniqueness of a BGP if we use a take-it-
or-leave-it-offer of a potential employee to the firm with wage demand wy, as in Wang
and Xie (2013).

To simplify the algebra, without loss of generality, we let 7. = 7, = 7, = 0.
Normalizing the firm’s profit % =1y > 0 yields a “constant profit” solution,'® which

gives wage demand wy.
Yy = yp — weng — (¢ + 0) by — eqvy = oys.

Substituting (13), e; = ew; and v; = s;x; into the above equation gives win; =

(1—¢e— z/JO)Akarbn%*E — ewyS¢xy, and using sy = ggg, which yields
t

(1 — & — o) Ak P, °
1+ estxt/nt '

Wt =

Since we focus on the steady state, we here impose the steady-state condition (22).

Then s = Bega, and the above equation becomes

(1= & — 1by) Akeon
1+ Lyl-a '

w =

(62)

'5Tn the case when 1, = 0, the employment in equilibrium is negative, which violates the consistency.



In the case of sustainable growth, b = 1 —¢. First, since w = 7 is the ratio of wage

to capital, then (62) gives
1—ec—1y)An—¢
w={ 7 Ol)ﬂ : (63)
+ FZL‘

Next, in the BGP, the law of motion of employment in (22) and the consumption

Euler equation in (23) become, respectively,

0 n
$= g (64)
g =B[1+ (Aen' = = §)] — 1 = g(n). (65)

In the BGP, using (63), (64), and (65), the resource constraint in (21) becomes

1 el 1—a
x:AnP€<;jj;<l—ﬁ%—wu+ﬁwﬁu—ﬁn5xmﬂmxn>mxx<o(%)
B

Moreover, in the BGP, the inflation in (24) becomes

Lo itpe o (A+p)/B
1+yg 1+ (Aenl—c —9)

— 1. (67)

Finally, using (63)-(67), in the BGP, the labor demand and the labor supply in
(32) and (33) are, respectively, as follows.

1 —€ 6(1 _9) _ ew
TP E— {A(l — e)n + |: Bpo—1 — 1] w} = m; (68)
W:6[§%+(1—9)W—6(n+8)0}, (69)

where W¥(u) = w > ( is a constant.

We are ready to use the labor demand (68) and the labor supply(69) to show the
existence and uniqueness of a BGP.

Firstly, substitiuting (63)-(67) into (68) simplifies the labor demand as follows.

1 e(1—0) — Bz (1 — e — ) e(1—¢e— 1)
1 Aenl—e — § (1 o E) + Byo—1 el 1—a - a—1 el 1—a ’
+ Aen x 1+ % Bzom1[1 4+ Sal=9][1 + g(n)]

Using (65) and after collecting terms, the above expression becomes
BB,
e

2 (1 —e)(1 = B) — (1 — B+ B0)] = > 0. (70)
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The the consistency requires the condition (1—¢)(1—3)—y(1—5+36) > 0, which

is easily met if 9, is not too large. Then, in the (n,z) plane, the labor demand locus
1

(70) is a horizontal line, denoted by =z = z* = { BBy }m > 0.

[T BB (1= To)—(1—2)77]
Next, substitiuting (63)-(67) into (69) simplifies the labor supply as follows.

0 \°[1-7 (1-20) ed |, B B(l—e— ¢0)A”_(€+U)
‘ (1 - Baza> [ Bz« " 5} 1+ B Ix(n@) = W(p) (7’1)

where x(n,z) = An'=¢ [1 — el(r%f,i;ip_oi%xl*a — ﬂs} +(1-0)(1-0)

Since the labor demand (70) has uniquely determined the value of z*, then the
labor supply equation (71) uniquely determines the value of n* as a function of z* and
the parameters in same the way as the case of the wage bargaining without reservation

wage. Thus, there exists a unique BGP (n*, z*).

6.4 Existence and Uniqueness of BGP under a Linear Matching Func-
tion

This Appendix shows the existence and uniqueness of a BGP in our model when
the matching function is linear, as in Diamond and Maskin (1979) and Diamond (1982).

The matching function in Subsection 2.3 is revised as follows.

M (v, 8t) = Ut + QusSt, (72)

St _ 1
sitor . YsTxap

where the tightness of the labor market is still defined as

and the recruitment rate is

where the job finding rate is 1, = as

It = M Stz-}ifvt B
Ty = Ut/St.
First, in the BGP, the resource constraint in (21) becomes

Tt
L)

X+ g+6=An'"° — ewv. (73)

Along the BGP, the law of motion of employment in (11) becomes o, {7v = 6n.

_ On(l+x)
Therefore, v = oz -

Next, along the BGP, the law of motion of employment in (22) and the consumption

Euler equation in (23) become, respectively,

S - ) 4
el on (74)

14+g=78[1+1—71,)(Aen'—¢ = 9)]. (75)
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Moreover, in the BGP, the inflation in (24) becomes

1
7r—7+u—1

14y (76)

Finally, in the BGP, the labor demand, the labor supply, and the CIA constraint
in (25)-(27) are, respectively, as follows.

1 . e(l1-0)(1+x) ew(l+x)
14+ Aenl—2—§ {A(l —emT [W - 1] w} -~ ayz(l+g) )
e(n—i—si;(l—i—x) =f [111:1:;}\1/(;71) +(1-6) e(n—l—si:(l—i—m) —e(n+s)7],
(78)
(1 +7e)x = 9. (79)

To simplify the algebra, without loss of generality, we let 7. = 7, = 7, = 0. If we
use (20) where the wage includes a fraction of the reservation wage, then w = w(n, x, s).
In this case, the labor demand equation (77) and the labor supply equation (78) are so
non-linear in {n, x, s, x, w}. As a result, it is impossible to analyze this model, just like
our baseline model with the matching function of the Cobb-Douglas form. To simplify
the analysis, if we drop the reservation wage in the wage bargaining, then (44) gives
w = pA(1 — e)n~°. In this case, we can simplify the labor demand equation (77) and
the labor supply equation (78) as follows.

First, substituting w = pA(1 — e)n~° and (75) into the labor demand (77) yields

1—9269(1““")(1—1%). (80)

QgL B

As a result, in the (n,z) plane, the labor demand locus (80) is a horizontal line,
which uniquely determines the value of z* in the BGP.

Next, the labor supply equation (78) can be simplified as
o 1- B (1 B 0)

e(n+s) "
S

(1+w)+ﬁ}=ﬁw !

NI (e Y

Note that the right hand side of (81) has two complicated terms: £ and 7+ (1 +
7)(Aen'=¢ —§). Recall that w = pA(1 —¢)n° and x = An'~¢ —ewv — g — & from (73).
On(142) and 1+ g=17p (1 + Aen!—¢ — 5) , the term % is

Then, using v = ,
Qyx

w 0A(1 —e)n=¢
X ante 1 ol — )"0 — ge| + (1-8) (1 - 6)

ayx
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Moreover, using the relationship m = % —-1= W — 1, the term 7 +
(14 7)(Aent=2 —§) is

1
[+ (14 m)(Aen— — 6)] = ;“ Y
Now, if we substitute the above two terms into (81), along with the use of the term
s = %‘ji), and then divide both sides by n?, the labor supply equation is simplified
as
01 +2)]° [1-p8(1—-06 A(l—¢e)n=° 1
p as as Anl-¢ [1 — el —¢)2tn) _ 55] F(1-B)(1—6) ¥
(82)

where W¥(u) = w is a constant.
Since the labor demand (80) has uniquely determined the value of z*, then the
labor supply equation (82) uniquely determines the value of n* as a function of z* and

the parameters. Thus, there exists a unique BGP (n*, z*).
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Table 1: Calibration of parameter values for the US economy (quarter)

Function

Parameter

Preference

utility function

Production
production function
depreciation

vacancy cost

Labor Market

matching function

job separation rate
worker’s bargaining power

Monetary Parameter
money growth rate
CIA constraint
Government

labor income tax rate

capital income tax rate

consumption tax rate

__(ng+sptte
Blloge, — e ™)

y = Akin;=°k?

€ = 2.7862, 0 = 2.25
B =099

A =0.1706, ¢ = 0.36

b=0orl1-c¢
6 =0.025
e =043

B =1.0274,a = 0.5
6 = 0.1045
=05

u = 0.0139 (with b=0.64)
u = 0.00881 (with b=0)

h =0.84
T, = 0.2
7, =02
7. = 0.05




Table 2: Welfare effect of inflation in the model without sustainable growth (%)
u -0.5 0 0.1 0.7 1.3 1.9 2.5

K 0.095 0.067 0.061 0.016 -0.041 -0.108 -0.185

Note: Welfare is measured in terms of the consumption equivalence « (per quarter).

Table 3: Welfare effect of inflation in the model with sustainable growth (%)

U 0 0.5 0.6 1.02 1.65 1.8 2.4 3

K -0.035 -0.005 -0.002 0.005 -0.01 -0.018 -0.066 -0.139

Note: Welfare is measured in terms of the consumption equivalence k (per quarter).

Table 4: Robustness: Welfare effect of inflation in the model with sustainable growth (%)

0=2.5 =2 0=0.55 =045 =048 ¢=0.38 h=1 h=0.7
u 1.62 0.38 1.89 0.06 1.02 1.02 0.72 1.38
K 0.0021 0.042 0.0095 0.069 0.0052  0.0052 0.022 0.0001

Note: 1. p" is the optimal money growth rate and « is the resulting welfare gain in consumption

equivalence (per quarter). 2. Baseline parameter values are in Table 1.
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Figure 1 : Effects of changes in money growth rates in the model without sustainable growth
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Figure 2 : Effects of changes in money growth rates in the model with sustainable growth
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Figure 3 : Welfare gains of changes in money growth rates in the model without sustainable growth
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Figure 4 : Welfare gains of changes in money growth rates in the model with sustainable growth
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Figure 6 : Effects of changes in money growth rates in an Ak model without externalities
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