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Abstract

This paper studies the capital, labor and human capital wedges and the tax implementation in a
lifecycle model with risky human capital when consumption is indistinguishable from education expenses.
The planner faces asymmetric information regarding agents’ exogenous abilities and endogenous human
capital. Agents can thus deviate in two ways: by misreporting their ability and by mis-investing in their
human capital. The complexity in the possible deviation strategies and difficulties in characterizing them
make the problem so complex, but this paper analytically characterizes the distortions. Distortions to
constrained efficient allocations are characterized by a capital wedge that is positive over life cycle and a
labor wedge that is negative early and positive later in the life cycle. These wedges serve as mechanisms
to eliminate the distortion to consumption due to its indistinguishability from education expenditure. We
construct a simple tax system of linear capital and linear labor income tax rates to implement the
constrained efficient allocations in a decentralized economy. Simulation results suggest that the average
capital wedge is positive in all working periods, with progressive capital wedges against contemporaneous
skill types, and the average labor wedge is negative in early and positive inlater periods, with hump-shaped
labor wedges against contemporaneous skill types and nonzero labor wedges at the top and the bottom
of the skill distribution.
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1. Introduction

Human capital plays an important role in public’s lives. People receive education when young and
accumulate human capital through learning, training, education, and development over the life cycle. A
wide range of goods and services have components of consumption and human capital investment, and
it is difficult to distinguish consumption activities from education purposes. As Lazear (1977) pointed
out, education is simply normal consumption and, like all other normal goods, an increase in income wil
produce an increase in the schooling purchase.! According to Bovenberg and Jacobs (2005), books,
computers and travelling costs are difficult to verify, because individuals may misrepresent expenditure
for consumption purposes as investment in education. Beside buying education related goods, people
may hire tutors for private lessons, or may take supplementary classes at “cram schools”.2 Alongside
classes for language skills and course work for private classes, people may pay private trainers to teach
lessons for extracurricular activities.? These private lessons are costly, but it is not easy to differentiate
the cost from other expenses. Such difficulty has been recognized in the policy debate on how to design
the tax system in order to foster human capital accumulation.* As Grochulski and Piskorski (2010) put
it, the center of this measurement problem lies in the fact that, in reality, there is a human capital
investment component in normal consumption expenditure and a consumption value in the human
capital investment activity such as education and training.5 Indeed, as early as in 1961, Schultz (1961)
was aware of the difficulty in distinguishing education from consumption expenditure.

Human capital investment is affected by tax policy, as labor taxes deter human capital investment
by capturing part of the return to human capital and capital taxes influence the choice of investment
between physical capital and human capital investment. Moreover, human capital investment affects the

tax base and is a major element of the income distribution. Though diverse across countties, policies that

! See also Weisbrid (1962), Heckman (1976), Trostel (1993, p.333), and Davies et al. (2000) for more discussion.

2 A aam school, alled Coaching Centers in Australia and India, Juku in Japan, Buxiban in China and Taiwan,
Nachhilfe in Germany, and Hagwon in Korea, is a private, fee-paying school. It offers dasses for language skills or
tests like BCT for Chineselanguage profidency and IELTS for English language profidency (e.g.,, Chou, 2015). It
also offers test-training dasses for college entrance exams or tests like SAT and GRE (e.g,, Entrich, 2014).

3 Examples of extracurricalum activities are performing art lessons for musical devices (like piano, cello, and violin),
sports (swimming, skating, and skiing) and dance (ballet, disco, and Latin), saulpture arts, and painting and drawing,
among others. Moreover, many organizations like YMCA (https://www.ymc.net/) and Yamaha Music School
(http:/ /wwwyamaha.com /ymes/musicschools/home.asp) offer dasses for extra-curriculum activities.

4 For the policy debate, readers are referred to the reference and discussion in a memorandum to the President’s
Advisory Panel on Federal Tax Reform (2005) on tax treatment of investmentin human capital.

> Acording to Grochulski and Piskorski (2010, pp.909-910),agents use a large variety of goods, services, and non-
market activities as vehides for human capital investment as well as for consumption. Itis difficult to measure the
relative “loadings” of human capital investmentand pure consumptionembedded in a particular good or service.

® “We can think of three classes of expenditures: expenditures that satisfy consumer preferences ... expenditures that
enhance capabilities... and expenditures that have both effects. Most relevant activities clearly are... partly consumption
and partly (human capital) investment, which is why the task of identifying each componentis so formidable and why the
measurement of capital formation by expenditures is less usefil for human investment.””T.W. Schultz (1961, p.8).
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affect human capital accumulation influence workers’ skill distribution, which is a crucial feature in
optimal income taxation models. Such an interaction between human capital and the tax system calls for
an investigation of optimal income tax policies in a model with endogenous human capital over the life
cycle. The vast majority of the literature on optimal income taxes assumes that productivity is exogenous
in place of being the result of human capital decisions made throughout life.

In this paper, we study a dynamic Mirrlees model, in which agents accumulate privately observed
human capital through education expenditure over the life cycle, but private consumption expenses may
be disguised as expenses for education purposes. Recently, Stantcheva (2017) has explored a dynamic
Mirrlees model with observable human capital investment over the life cycle. Our model extends
Stantcheva (2017) to one with unobservable and observable human capital investment over the life cycle.
This extension is not trivial, because agents can now deviate in two ways: by misreporting their ability
and by mis-investing in their human capital. Mis-investing in human capital is not directly observed by
the planner, and has persistent effects: an agent who has invested the wrong amount of human capital in
the past will face different trade-offs today, and different incentives to report truthfully. It is precisely
this complexity in possible deviation strategies and the difficulty in characterizing them that make the
problem complex. Even so, we analytically solve the problem and characterize the distortions of the
constrained efficient allocations in the planner’s problem. Moreover, we construct a tax system to
implement the constrained efficient allocations in the decentralized economy. Earlier, in a dynamic
Mirrlees model with unobservable human capital investment only in the initial period, Grochulski and
Piskorski (2010) constructed a tax system to implement the constrained efficient allocation in the
decentralized economy. Our tax system is simpler and adds value to Grochulski and Piskorski (2010).
Two main findings are as follows.

First, the distortions in the resulting constrained efficient allocations are characterized by a positive
capital (or intertemporal) wedge, and a labor (or intratemporal) wedge that is negative early and positive
later in the life cycle. These wedges are caused by distortions to consumption due to indistinguishable
consumption from education expenditure.

Stantcheva (2017) and Grochulski and Piskorski (2010) obtained positive capital wedges due to skil
shocks, which is an insurance effect against future risks.? Our paper finds a new mechanism, as
consumption and education expenses are indistinguishable. As a result, agents may increase consumption
by reducing unobservable human capital investment (hereafter HCI), dubbed the HCI effect for simplicity.
A higher-skill shock today exerts two HCI effects: one is reducing education expenses for consumption
today and the other is reducing education expenses for consumption tomorrow. While today’s HCI effect
enhances the positive capital wedge from the insurance effect, tomorrow’s HCI effect counteracts the
positive capital wedge from the insurance effect. The net capital wedge is in general positive, unless

tomorrow’s HCI effect is so strong that completely offsets the sum of today’s HCI effect and the

7 Models with exogenous skills (cf. Diamond and Mirtlees, 1978; Golosov et al., 2003) also obtained positive capital
wedges due to theinsurance effect.
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insurance effect. In particular, in the terminal period, with neither the insurance effect nor tomorrows
HCI effect, there is only today’s HCI effect, so the capital wedge is larger than the otherwise positive
capital wedge arising from the insurance effect.

Moreover, our negative labor wedge early in the life cycle is different from a positive labor wedge in
Stantcheva (2017) and a positive labor wedge for low-skilled agents as well as a negative labor wedge for
high-skilled agents in Grochulskiand Piskorski (2010). The standard Mirrlees model with exogenous
skills obtained a positive labor wedge for the redistribution purpose (cf. Golosov et al., 20006), but a
positive labor wedge in these two papers is to prevent the high-skilled from reducing labor effort through
pretending to be low-skilled, labelled the shirk-preventing effect. However, with indistinguishable
consumption and education expenses in our model, a negative labor wedge induces agents to work more
today, so more consumption from under-investing in human capital is less attractive, called the skill-
Jostering effect. Intuitively, the deviation strategies involve shirking, which is combined with under-
investing in human capital. The deviators are over-skilled relative to the truth-tellers, who provide the
same low effective labor supply. The deviators have a stronger preference for leisure and a weaker
preference for consumption than the truth-tellers. Thus, it is not worthwhile for the deviators to under-
invest in human capital for more consumption. A marginal subsidy to labor income makes it optimal to
offer the effective labor supply and invest in human capital according to their true types, thus a skill-
fostering effect. In early periods, the skill-fostering effect dominates the shirk-preventing effect, so the
labor wedge is negative. In later periods, the investment in human capital decreases and the skill-fostering
effect phases out, so the labor wedge is positive.

Second, we implement the constrained efficient allocation in terms of linearlabor and capital taxes
Our implementation is different from that in Grochulski and Piskorski (2010). These authors used non-
linear labor income taxes to restrict agents’ labor to the constrained efficient level, in order to ensure that
agents do not jointly deviate their labor and savings from the constrained efficient allocation. However,
this is possible, only if there is a deferred capital tax; if otherwise, their two linear capital-tax-adjusted
Euler equations associated with both truth-telling and shirking may be inconsistent with each other. By
contrast, our model does not use a deferred capital tax. We do not restrict agents’ labor in our
decentralized economy to the constrained efficient level as did in Grochulski and Piskorski (2010). We
only use a mild condition to assure agents’ after-tax labor income in consistency with the income in the
constrained efficient allocation. With different shadow prices of this mild condition for different skill
types and with linear labor income taxes, our two linear capital-tax-adjusted Euler equations associated
with truth-telling and shirking are consistent with each other. It is easier to implement a linear labor
income tax than a deferred capital tax.

Finally, we calibrate our model to the US data and illustrate the optimal tax policy. Simulation results
suggest that the average capital wedge is positive over life cycle. The average capital wedge is decomposed
into a standard positive insurance effect, a positive today’s HCI effect, and a negative tomorrow’s HCI
effect. As today’s HCI effect dominates tomorrow’s HCI effect, the average capital wedge in our model

is higher than the model without private human capital investment. Moreover, the scatter plot indicates
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that the standard insurance effectis positive and regressive against contemporaneous skill types, while
today’s HCI effectis positive and progressive and tomorrow’s HCI effectis negative and diminishing
against contemporary skill types. As today’s HCI effect being 10 times as large as the insurance effect and
tomorrow’s HCI effect, the capital wedge is positive and progressive against contemporary skill types.

Unlike the standard positive average labor wedge with only a positive shirking-preventing effect in
otherwise identical models without private human capital investment (e.g;, Stantcheva, 2017) and without
any human capital investment (e.g, Farhi and Werning, 2013), our simulation results suggest that the
average labor wedge is negative early in the life cycle due to a negative skill-fostering effect dominating
the standard positive shirking-preventing effect. Moreover, the scatter plot indicates that the labor wedge
is hump-shaped against contemporaneous skill types, like thatin the new dynamic public finance literature
(e.g., Golosov et al.,, 2006); yet, as the negative skill-fostering effect quantitatively dominates the positive
shirking-preventing effect, the labor wedge is negative at the top and the bottom of the productivity
distribution, thus different from the standard zero-tax result. Note that our nonzero-tax result comes
from private human capitalinvestment, different from the nonzero-tax resultin Farhi and Werning (2013),
which arises from a moving support with the top and bottom bounds of the productivity being functions
of the previous period’s productivity.

In addition, our history-dependent optimal tax policy resultsin a large welfare gain when comparing
with a laissez-faire economy without taxes. If our history-dependent tax policy is too complicated to be
teasible, a simple history-independent non-linear tax policy adopted by Heathcote et al. (2017) gives a
very close welfare gain. Lastly, in order to check the envelope condition in the relaxed planning problem
is satisfied ex-post, we will quantitatively verify that the allocation solved by the relaxed planning problem

in this paper is indeed incentive compatible.

1.1 Related literature

There is a long-standing literature that emphasized endogenous skill acquisition (Becker, 1964; Ben-
Porath, 1967; Heckman, 1976). In particular, the literature posited thathuman capitalis accumulated over
the life cycle, underscoring the need for a life-cycle model (Cunha and Heckman, 2007). A body of
empirical work documents that the return to human capital investment, and thus the earning, is risky (eg
Palacios-Huerta, 2003; Meghir and Pistaferri, 2004; and Storesletten etal., 2004). Our modelincorporates
these facts by assuming that agents invest in human capital throughout the course of their life cycle and
the accumulation of human capital is subject to shocks.

Thereis a growing literature named new dynamic public finance, which extends the optimal taxation
pioneered by Mirrlees (1971) to a dynamic setting, As opposed to the Ramsey approach, which specifies
ex ante the instruments available to the government, the Mirrlees approach adopted here considers an

unrestricted direct revelation mechanism.8 Yet, the literature typically considers exogenously evolving

¥ For the Ramseyapproach, readers are referred to Judd (1985), Chamley (1986) and, more recently, Chen and Lu

(2013) and Krueger and Ludwig (2013). For the Mirtlees approach, readers are referred to Golosov et al. (2003),

Kodherlakota (2005), Albanesi and Sleet (2006), Golosov et al. 2006, Werning (2007), Farhi et al. (2012), and Farhi
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abilities, thus abstracting from endogenous skill acquisition. Our paper contributes to this literature by
taking endogenous skills into account, which change over time based on human capital investment.

Our paper is closely related to the dynamic Mirrlees literature that studied optimal income taxation
in models with monetary investment in human capital.” As mentioned earlier, our paper is most related
to the models of Stantcheva (2017) and Grochulski and Piskorski (2010).

First, in Stantcheva (2017), agents accumulate human capital over the life cycle through observable
education expenses.!? As a result, in addition to positive optimal labor wedge for redistribution purposes
and positive optimal capital wedge for insurance purposes, she uncovered optimal education subsidies to
observable education expenses. Thus, subsidies to education not only prevent agents from shirking but
also offset capital and labor income tax-induced distortions to learning.!' By contrast,in our model, agents
accumulate human capital through both unobservable and observable education expenses. As a result, our
positive capital wedges arise not only from insurance purposes but also from the HCI effect that emetges
from distortions to consumption due to its inseparability from education expenses. Moreover, our
negative labor wedge, and thus an implicit subsidy to labor, early in the life cycle arises because the positive
effect from working according to their types (the shirk-preventing effect) is dominated by the negative
effect from investing in human capital due to inseparability of consumption from education expenses
(the skill-fostering effect). Therefore, our tax policy is to offset distortions due to consumption being
indistinguishable from education expenditure. 12

In an earlier version, Stantcheva (2014, Section 7) has extended the Stantcheva (2017) model to one
with unobservable human capital, wherein consumption is not differentiable from human capital
expenses. She derived the condition for the adjusted labor wedge and the modified inverse Euler equation
for the capital wedge, but the signs of the labor wedge and the capital wedge are not determined. Our
model has three differences. Firstly, while skill shocks arrive before agents invest in human capital in our
model, skill shocks come after human capital investment is made in Stantcheva (2014). As the skill shock
arrives in the period before the human capital investment is made, the skill shock first affects agent’s
investment in human capital and then affects agents’ stock of human capital with a one-period lag, The

difference in the timing of skill shocks enables our model to separate the skill-fostering effect from the

and Werning (2013), amongothers.

? Another investment in human capital is through time. See, e.g., Kapicka (2006, 2015), da Costa and Masest1
(2007), Maldonado (2008), Bohacek and Kapicka (2008), Andetberg (2009, Kapitka and Neira (2015), and
Stantcheva (2015).

10 Like Stantcheva (2017), Findeisen and Sach (2016) also studied a dynamicMirtlees model with costly education
investment, but their focus is on one-shot uncertain college education investment before the work life starts. Makids
and Pavan (2019) studied a human capital model, butthe evolution of human capital comes from learning-by-doing,
as a by-product of working, not from education investment. Our investmentin human capital model is through
resources and over the life cyde, and thus different from Findeisen and Sach (2016) and Makris and Pavan (2019).
" Tna staticmodel eatlier, Bovenberg and Jacobs (2005) also found positive optimal labor taxes for redisttibution
and eduation subsidies to eliminate the adverse im pact of redistributive taxes on obsetvable education expenses.
12 Tike Stantcheva (2017), we also consider a subsidy to observable eduaation expenses. Yet, the subsidy to
observable education expenses cannot fully resolve the problem of misreporting unobservable education expenses.
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shirk-preventing effect, which work at different timings with one-period differences. Secondly, our model
determines the signs of labor and capital wedges. We analytically obtain a negative labor wedge in early
periods of the life cycle, at least in the first period, when the negative skill-fostering effect on the labor
wedge dominates the positive shirk-preventing effect. Moreover, we obtain a modified inverse Euler
equation, which analytically separates today’s positive HCI effect from tomorrow’s negative HCI effect on
the capital wedge, so as to make assure when the capital wedge is larger or smaller than the capital wedge
in the case with only observable human capital. Thirdly, we implement the labor and capital wedge in
terms of linear labor and capital income taxes in a decentralized economy, which was not analyzed in the
case with unobservable human capital in Stantcheva (2014).

Next, in Grochulski and Piskorski (2010), human capital can be increased by making unobservable
education expenses at the initial period and 1s subject to stochastic depreciation shocks later in the life
cycle.’® As a result, these authors found a positive labor wedge for a low-skilled type and a negative labor
wedge for a high-skilled type, and also a positive capital wedge, which emerged from the insurance effect
due to stochastic depreciation shocks.!* Moreover, they implemented the constrained efficient allocation
in terms of linear capital taxes and non-linear labor taxes in the decentralized economy, with the
requirement of deferred capital taxes so their linear capital tax-adjusted Euler equations associated with
truth-telling and shirking strategies are consistent with each other. Skill shocks come after human capital
investment is made in Grochulski and Piskorski (2010). Our model is different. Firstly, skill shocks arrive
before agents invest in human capital in our model. Moreover, agents accumulate human capital by
making unobservable education expenses through their /ife cycle in our model. As a result, for all skill
types, the labor wedge is negative eatly and positive later in the life cycle; and the capital wedge is positive,
but is from not only insurance effects but also HCI effects. Moreover, with a minor income condition, we
implement the constrained efficient allocation in terms of linear labor and capital taxes without requiring
a deferred capital income tax. This is possible, because the shadow price of the income condition makes
room for the constrained efficient allocation to satisfy the two linear capital tax-adjusted Euler equations
associated with shirking and truth-telling agents.

Moreover, Kapicka (2015) and Kapicka and Neira (2019) have studied Mirrlees income taxes in
models with observable and unobservable human capital investment through the life cycle. As a result of
risky human capital investment, Kapicka (2015) found that the optimal marginal income taxes decrease
with age, and Kapicka and Neira (2019) discovered that optimal tax policies balance redistribution across
agents, insurance against human capital shocks, and incentives to learn and work. With incentives to learn
and work, an increase of labor supply in one period induces changes in human capital investments in
other periods, which in turn affects the disutility of working in other periods in these two papers. As

unobservable human capital formation makes preferences over labor supply non-separable across age,

1 In their model, initial endowmentmay be consumed, orinvested in human apital, so agents become high-skilled.
Later, bad shocks attive stochastically, and if got hit by shocks, a high-skilled type becomes low-skilled forever.

' They also demonstrated the premium of human relative to physical capital that arises from unobservable human
apital investment. For simplidty, our paper does not analyze the premium of human relative to physical capital.



optimal marginal income taxes depend on not only whether labor is complementary or substitutable
across age, but also how incentives between learning and work are balanced. Different from observable
consumption and unobservable learning time for human capital formation in these two papers, our paper
considers unobservable consumption and observable and unobservable education expenditure for human
capital formation. As a result of indistinguishable consumption from education expenditure, our labor
wedge is negative in early ages and positive in later ages, thus implying optimal implicit labor income taxes
to increase with age. Kapicka and Neira (2019) also studied the capital wedge, but their positive capital
wedge comes from the moral hazard problem in order to elicit higher learning effort today, not from the
private information problem. By contrast, our positive capital wedge comes from not only the insurance
problem (insurance effects) but also from the tradeoff between unobservable consumption and
unobservable education expenditure (HCI effects). 5

The feature of unobservable consumption in our model is reminiscent of Allen (1985) and Cole and
Kocherlakota (2001). Allen (1985) analyzed whether the optimal long-term contract is better than a seties
of unrelated short-term contracts, when agents can borrow secretly. Cole and Kocherlakota (2001)
characterized whether efficient consumption allocation can be decentralized through a competitive asset
market, wherein agents can store asset secretly. As agents can borrow or save secretly, agents’
consumption is unobservable in these two existing papers. In contrast, our unobservable consumption
emerges, because agents’ consumption is indistinguishable from education expenditure. In particular, our
paper investigates whether unobservable consumption affects the design of the optimalincome tax policy
on capital and labor, which was not studied by these two papers.16

To use the tax policy to implement the constrained efficient allocation in a decentralized economy,
Kocherlakota (2005) implemented the constrained efficient allocation by restricting to linear capital and
nonlinear labor income taxes with zero capital tax rate on average, but the capital tax rate depends in
general on the history of labor income reports. Albanesi and Sleet (2006) proposed non-linear and non-
separable optimal taxes that depend on current wealth and income only, but it applies only in a setting
with shocks that are iid.; ie., it ruled out persistence of productivity over time. Following the tax
structure in Kocherlakota (2005) with history-dependent, non-linear labor taxes, Grochulski and
Piskorski (2010) found that, by allowing the deferred taxation of capital income, linear capital income
taxes and non-linear labor income taxes can implement the constrained efficient allocations in a
decentralized economy. By contrast, with an income tax condition, we use linear capital and linear labor

income taxes to implement the constrained efficient allocation in a decentralized economy.

13 We should also refer to the paper by Bovenberg and Jacobs (2010) that introduced verifiable and non-verifiable
human apital investment in a two-period model. However, their human apital investment is in terms of time
effort, so thereis no indistinguishable consumption from education expenditure.

' Shourideh (2014) studied savings and bequest wedges in adynamicmodel with unobservable consumption. His
model is totally different from our model. While his model abstracts from human apital, our model considers
observable and unobservable human capital.
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Finally, Diamond (1980) and Saez (2002) obtained a negative labor wedge at the bottom of the
income distribution in models with an extensive margin of the labor supply. They found that subsidies
to the working poor are optimal, because the labor force participation effect dominates the incentive
effect of higher income earners. Our negative labor wedge is different, as it is a subsidy to all workers
Moreover, the reason is different, due to indistinguishable consumption from education expenditure.

We organize this paper as follows. In Section 2, we present a two-period model. In Section 3, we
study the social planner’s problem and characterize the sign of the capital, labor and net human capital
wedges of the constrained efficient allocation. Section 4 extends the model to T periods. In Section 5, we
provide a tax system to implement the constrained efficient allocation in a market economy. In Section

0, we offer numerical analysis. Finally, concluding remarks are offered in Section 7.

2. An Illustrative Example: A Two-period Model

In order to introduce the main ideas and understand the main results in the simplest possible way,

we start with a two-period model.!

2.1 The environment
The economy consists of a continuum of agents who live for two periods. An agent obtains utility

from consumption and disutility from working, with a utility function represented by:

u(c1)_¢(ll)+ﬂ[”(02)_¢(lz)}’
where 0 < f <1 is the discount factor, ¢, is consumption and I, is work effort in period t. An agent
provides at most I > 0 work effort in a period. We assume that u(c) is continuously differentiable,
strictly increasingand concave, and satisfies the Inada condition, and ¢ () is continuously differentiable,
strictly increasing and convex, and satisfies ¢(0) = 0, lim_,o¢'() =0, and lim_jp' (1) = oo.

At the initial period t = 1, an agent’s disposable income may be consumed, spent on education to
accumulate human capital h,, or saved to form physical capital k, in the next period. There are two
kinds of education expenses, verifiable x; and non-verifiable y,. The human capital technology is
Y(x,, ¥ ), which is strictly increasing and strictly concave in x and y; that is, ,, < 0 <, and ¥,,,, <
0 <1,,. Acquisition of human capital is subject to skill shocks. Given an initial human capital h; and

its depreciation rate &, the human capital evolves as follows.

Assumption 1. The evolution of human capital in the next period is:

hy, =0 —36,)h+P(x,y,) +6,
where 6 is a skill shock over a fixed support @ = [Q, 5].18

17 Later, we will extend the model to T periods and show that the results derived in a two-period model continue
to hold. A T-petiod modelis much more complicated, as choices and shocks an agent has madeand experienced
in the past will affect human capital investment.

'8 Skill shodks are introduced in order to be in line with the setup in the existing literature. For simplidty, time
8



A skill shock 8 is aninnate ability, which is private information, and will be referred to asan agent’s
type. To yield a positive capital wedgg, it is not necessary for the ability shock to change over time. In this
illustrative two-period model, the ability shock can be treated as constant,!’ and hence, the positive
capital wedge arises from the private human capital investment, not for the insurance purpose. When the
modelis extended to T periods (cf. Section 4 below), our model introduces a stochastic ability shock, so
a positive capital wedge arises also from the insurance purpose obtained in the existing literature.

Two remarks are in order. First, in our model, the innate ability shock arrivesin the first period
before human capital investment is made, which is different from Grochulski and Piskorski (2010) and
Stantcheva (2017), wherein skill shocks come after human capital investment is made. If skill shocks
come after human capital investment is made, there is the shirking preventing effect, which gives a
positive labor wedge. With unobservable human capital investment, there is also the skill fostering effect,
which yields a negative labor wedge. However, these two effects are intertwined and thus, it is difficult to
analyze the net effect. Next, if the skill shock is not separately from human capital investment, the effect
of skill shocks is intricate when the model is extended to T periods (cf. Section 4 below), as then the skil
shock 6, changes over time and the whole shock history 8* = (6y,...,6,) will directly affect human
capital investment in a complicated way. To simplify the problem, we assume that the human capital
technology is separable in education expenses and skill shocks. Note that, in Stantcheva (2017), the wage
rate, which plays a role like effective human capital in our model, is a function of human capital and skil
shocks. The wage rate gives the Hicksian coefficient of complementarity between human capital and skill
types, with human capital increasing the wage inequality if the complementarity coetficient is positive,
but decreasing the wage inequality if otherwise. With the evolution of human capital over time, if we
follow the setup in Stantcheva (2017), unobservable human capital investment gives rise to intertwining
effects, creating an unnecessary complication that possibly won’t achieve what we hope in analysis. A
separable human capital technology gives a zero-complementarity coefficient between human capital
investment and skill types, so human capital investment has a neutral effect on the wage inequality, which
simplifies the analysis.20 In particular, under the separability assumption, the shirking preventing effect
is analytically separated from the skill fostering effect. With the timing that the innate ability shock artives
before human capital investment is made, the skill fostering effect dominates in early periods, which
ensures that the labor wedge is unambiguously negative at least in the first period.

The probability of the realization of a skill shock 6 is w(6), with 0 <m(8) <1 foreach 8 € 0.

We assume that the realization of 8 is identically and independently distributed (1i.d.) for each agent.

subscripts to skill shodks are dropped in the two-period model here. Later, when the model is extended to T periods,
timesubsaipt ¢t willbe added.

1 Although skill shodks are time varying, agent’s types in period 2 do not affect the economy in a simple two-
period model, for human capital investment is not needed in the terminal period. Thus, agents only need to report
their types in period 1. In a T-period model latter, the history of types affects theallocation in later petiods.

2 1f we allow for the com plementarity between human aapital investmentand skill types, the result is qualitatively
unchanged, though the positive net human capital wedge (meaning subsidy) is enhance.



Suppose that the law of large numbers applies; then, m(6) also indicates the fraction of agents whose
skill shock is 6. For simplicity, agents are assumed to endow with the same human capital level h; when
born, while agents with larger skill shocks have advantages to acquire human capital more effectively than
those with smaller shocks. An agent with human capital h, and work effort I, supplies z, = I h; units
of effective labor.

In each period, the representative firm combines aggregate physical capital K, and aggregate
effectivelabor Z, to produce final goods using the technology F(K;,Z,). The technology is neoclassical,
which satisfies constant returns to scale and is strictly increasingand concavein K; and Z,. The physical
capital depreciates at the rate of §y.

In our environment, agents’ skill shocks 8, work effort in the second period I, and non-verifiable
education expenses in the first period y; are private information. Thus, human capital in the second
period h, is private information. Moreover, individual consumption ¢; and non-verifiable education
expenses Yy, in the first period are not distinguishable, so ¢, is also private information. By contrast,
initial human capital h,, individual physical capital k, and individual effective labor z,, t = 1,2,
verifiable education expenses x,, and consumption in the second period ¢, are publicly observable.
Note that work effort l; is inferable from initial human capital and individual effective labor in the first
period z,, and is thus observable. Although consumption ¢; and non-verifiable education expenses y;
are not publicly observable, their sum c¢;+y; is observable, since it is inferable from the budget
constraint. In the special case when there are no non-verifiable education expenses, consumption ¢, is
observable and our model reduces to the same model as Stantcheva (2017) except that skill shocks arrive

before agents choose human capital investment.

2.2 Resource feasibility

In order to maximize the social welfare, the social planner would have chosen to equally allocate
consumption for agents of all types. However, as work effort and education expenses are private
information, such allocation is notincentive-compatible, because this would encourage higher-skill agents
to reduce work effort and education expenses. To avoid this situation, according to the Revelation
Principle, feasible allocations need to be incentive compatible. Below, we start by defining the resource
feasible allocation, so we have notations ready for establishing the incentive compatible constraint.

In the first period, agents report their types 8 € 6. The social planner allocates the resource to
agents according to the reported type. Following the notation used by Farhi and Werning (2013), we use
0(0) to denote an agent’s reporting strategy, specifying a reported type ¢ conditional on the true type
6. Some notations are in order. If a is observable, a(f) denotes the allocation to true type 6. If a is
unobservable, then a’? (8) denotes the allocation to true type 8 whose reported typeis 0. When o =
0, the agent truthfully reports the type and thus, a(8) denotes the allocation to the truth-telling agent.

An allocation A= (c,y,x,1,h,z,k,Z,K) specifies consumption ¢ = {c{ (), c,(0)}, non-verifiable

education expenses y = {y(6)}, verifiable education expenses x ={x;(0)}, work effort =
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{1,(6),15(0)}, human capital h = {h, hJ(0)}, effective labor z = {z,(0),2,(0)}, where z, = h.l;, and
physical capital k = {k,,k,(6)} forall 0,0 €0, aggregate effective labor Z = {Z;,Z,} and physical
capital K ={K,,K,} given h; and k; = K;.

Given K;, hy, G and G,, anallocation A is resource feasible if

I@n(@)[cl (0)+y,(6)+x,(0)1d0+K, <F(K,,Z,)+(1-6,)K, -G, (1a)
[ m(6).(6)d0<F(K,2,)+(1-6,)K, -G, (1b)

¢} (0)+y;(0)=c,(0)+y,(0), (1c)

1 (6)=(1-8,)h, +9(x,(0), 7 (6))+9, (1d)

where K, = [ m(0)k,(6)d6, Z ¢ = ) (0)z,(0)d6 and G, is the government expenditure in t = 1,2.
While (1a) and (1b) are the resource constraints and (1d) is the evolution of human capital, as

noted earlier, (1c) is needed because the sum of an agent’s consumption and non-verifiable education

expenses in period 1 is observable. Thus, to avoid being caught, an agent with reporting strategy o (6)

needs to maintain the reported sum ¢{(6) + ¥ (0) equal to the sum ¢, (0) +y;(0) reported by true
type 0.

2.3 The agent’s problem

As consumptionis indistinguishable from education expenditure, the agent with a reporting strategy
0(68) mayreallocate expenses between consumption and education, as long as the sum of these expenses
is consistent with the reported type. Given the allocation {c; + ¥;,%4,¢5,k,,2,,2,} that the social planner
assigns for truth-telling agents,anagent 6 with areporting type o will choose the allocation {cy,;, h,}

to solve the following problem:

max u(cl)—¢(¥]+ [{u(cz(a])—¢(wﬂ, @)

eyl 1 h2

st. ¢, +y; =¢,(0)+y,(0) and h, =1 —6)h + P(x,(0),y,) + 0, with h, given.

Although the allocations {cy,y;, h,} are not observed by the public, the social planner knows that

agents with a reporting strategy ¢(6) would privately choose allocation {c{ (0),y{ (), hJ(6)} by
solving the above problem. To simplify the notation, we denote ¢y, (2—;) =—¢ (i—i) (hzﬁ < 0. Then, the
following proposition can be proved directly from the first-order conditions of the above problem.?!

Proposition 1. When non-verifiable education expenses exist, the resource feasible allocation A satisfies

2L All the proofs for the propositions and lemmas in this paper are relegated to the Appendix. The proof of
Proposition1is in Appendix A.1.
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W (cf (0)) = —Bdn 2z )by Cxr (0), 77 (O)). ©)

hg(6)

yl( ) ahz(@)

Furthermore, <0 and > 0.

The proposition says that, an agent with a reporting strategy o(f) spends on non-verifiable
education y; until the decrease in the marginal utility of consumption today equal to the increase in the
discounted marginal utility of leisure tomorrow (or the decrease in the discounted marginal disutility of

9y{(6)

labor) resulting from higher human capital. The result < 0 means that, given the same reporting

type o, agents who underreport their type (i.e. 8 > o) would choose to invest less of non-verifiable

Q)

education expenses than truth-telling agents (i.e., ¥ (0) < y{(0)). The intuition behind ayl <0 and

ang(6)
a6
the other has a higher type 68" > 6. Suppose that both high-type 8’ and low-type 6 agents underreport

> 0 are explained as follows. Suppose there are two types of agents, wherein one is type 6 and

their types as 0; thatis, 0 < 8 < 6. This implies thathigh-type agents 8’ cansave more thanlow-type
agents @ by cutting down non-verifiable education expenses (i.e., 7 (0") <y{ (6) < y{ (0)). Note that,
when underreporting their types, even though high-type agents cut more non-verifiable education
expenses than low-type agents, they do not save too much from cutting non-verifiable education expenses
to lose their advantages in human capital, and thus, the relationship h9(8") > h§(0) > h§(0) remains
the same.

Note that if y, () = 0, our model reduces to one with only verifiable education expenses x; (6).

Thus, unless 2( )

> 0, Proposition 1 does not apply.

2.4 Incentive compatibility
Now, we establish the incentive compatible constraint. Let the lifetime utility of an agent with

reporting strategy o(8) be denoted by

we (0)=u(c; (0))-4(L (0))+ B u(c. (0))-4(5 (0)) | (4a)
where 7 (0) must satisfy Proposition 1, when there are non-verifiable education expenses. Then, an

allocation A is incentive-compatible if
w(6)>wr(6),Y0,6 <. (4b)

In setting up the social planner’s problem, we go along with the method proposed for dynamic
Mirrlees models by Farhiand Werning (2013), Kapicka(2013) and Stantcheva (2017). The procedure goes
through the following steps to make a tractable recursive formulation. First, a relaxed problem is written
based on the first-order approach, which replaces the full set of incentive compatibility constraints by the
envelope condition. Next, when the 2-period model is extended to T periods (see Section 4 below), this
relaxed program will be turned into a recursive dynamic programming problem through a suitable

definition of state variables.

12



The envelope condition is derived as follows. Incentive compatibility (IC) constraints in (4a)-(4b)

imply that, for all 8, the incentive compatibility constraint is as follows.

— o — o z(0) (o)
w(6)= max W (6)= rgg)xu(cl (0)+y,(0)-y; (9)) - ¢(T) + [)’[u(cz (0)) —( ) )J (4¢)

If we take the derivative with respect to (true) skill shocks, there are two direct effects on unobserved
variables, namely, unobserved education expenses y; and the human capital h,, and indirect effects on
the allocation through the report. By the first-order conditions of the agent, all indirect effects are jointly

zero and only the two direct effects remain. This leads to the agent’s envelope condition as follows.

; , ay,(6) [ 2,(0) | z,(6) Oh,(6)
W(6)=—u'(c, ()2 +ﬂ¢( 2 j 2 2 4d
where W(0) = av:a/_;e) and ahazée) =1, (xl(H), ¥y (6)) 63;1;9) + 1. From now on, a variable with a dot on

its top is used to denote the derivative of the variable with respect to a shock 6.

The envelope condition uncovers howa promised utility changes with types at incentive-compatible
allocations. In order to encourage agents to tell the truth, anincentive compatible allocation must prevent
agents from getting the benefit of misreporting. The first term in (4d) is the static utility gain from
reducing non-verifiable education expenses for consumption today, while the second term is the dynamic
utility gain of leisure tomorrow from the benefit of higher shirking abilities.?2 It has been shown that the
envelope condition is a necessary condition for incentive compatibility (Milgrom and Segal, 2002).

3. The Planning Problem in the Two-period Model

We proceed to envisage the social planner’s dynamic programming problem. By comparing the
second-best allocation in the social planner’s problem to the allocation in the decentralization problem,
we can understand the distortion in the second-best allocation relative to the laissez-faire allocation.

The social planner chooses allocations that maximize the following utilitarian social welfare: 23
Max j@ W(6)m(6)d6,

subject to resource constraints (1a)-(1b) and incentive compatibility constraints (4a)-(4b).

The following definition describes the second-best allocation.

22 As seen from Proposition 1, with skill shocks, higher-skill types need not spend non-verifiable education expenses
too much in order to yield higher skills in the future, which is benefidal for a shirking ability. Thus, their best
misteporting strategyis to reduce non-verifiable education expenses alittle bit today for more consum ption today
and more leisure tomorrow.

23 See Diamond (1998) and Tuomala (1990) concerning how the choice of the welfare function affects optimal
taxes in a static framewotk. For more general sodal welfares, readers are referred to Saez and Stantcheva (2016) as
to how the tax policyis reformed under generalized sodal marginal weights, which is beyond the scope of this paper.
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Definition 1. An allocation A is (utilitarian) constrained efficient if it maximizes the welfare of the

utilitarian social planner in the class of all feasible incentive-compatible allocations.

The incentive-compatible allocation will be referred to as the constrained efficient allocation. As
will be seen, the constrained efficientallocation does not satisfy the standard consumption Euler equation.
This leaves a room for the benevolent government to impose the optimal wedges in order to offset

distortions in the resulting the constrained efficient allocation.

3.1 The relaxed planning problem

The relaxed planning problem replaces the IC constraints (4a)-(4b) by the envelope condition
(4d).2* Let A, be the shadow price of the resource constraint in period t and u(8) be the co-state
variable associated with the envelope condition W (). The Hamiltonian of the relaxed planning problem

is relegated to the Appendix A.2. The boundary conditions of the Hamiltonian are
u(©)=limu(6)=0 and  u(§)=1imu(6)=0. (52)
We have derived the first-order conditions with respect to ¢4 (6),2,(0), z,(6),K, and x,(0) in the

Appendix A.2. Moreovet, in optimum, changes in the co-state u(6) with respect to skill types are equal

to the negative effect of the state variable W(68) upon the Hamiltonian H; that s,

a(0) :_%: —n(@){l—m}. (5b)

Note that if the IC constraint is not binding and thus ©(8) = 0, (5b) does not apply and the first-
order conditions reduce to standard conditions in the Ramsey model. However, if the IC constraint binds
and thus u(6) # 0, (5b) applies, and the first-order conditions differ from those in the Ramsey model.

Based on (5a) and (5b), in Appendix A.3 we have shown the following lemma.

Lemma 1. Suppose that c,(0) is monotoneincreasingin 8. Then, A, > 0 and u(6) < 0 for 6 € (6,0).

First, it is standard to obtain a positive multiplier A, of the resource constraint. Moreover,
according to (5a), the co-state of information frictions p is zero at the top and the bottom of the type
distribution, which is standard. However, outside the top and bottom types in the distribution, the co-

state of the IC constraintis u(8) < 0, which suggests a welfare cost due to information frictions.?

** The solution to the relaxed planning problem might not be a solution to the full program. Hence, for the
proposed calibrations in Section 6 below, we have followed Farhiand Werning (2013) and Stantcheva (2017) and
numerically verified that the allocation solved by our relaxed problem is incentive compatible and gives the utility
intended by the planner.

» A negative co-state p(8) may be viewed as the marginal welfare loss in order for the sodal planner to choose
allocations that are incentive-compatible. If the IC constraint is not binding, which arises when agents have no
incentives to cheat, then p(8) =0 and the sodal plannerdoes not have to sacrifice the welfare.
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With p(6) < 0, we canrearrange the first-order conditions to obtain the following four conditions?,

which characterize the constrained efficient allocation in the social planner’s problem.

u'(c u"(c 2:(9)
R s =

S0 (o)) (e ()2
u'(cl(e))Ll_Aln(e)u'(cl(e))g(Kl,zl)hl =F. (K. 2,), (6b)
P BHO) e e

u'(c,(0)) am(6)[h(6)] @) o () = 2), (69)

'Mzz u'(cy '\ Xl8)yy u'(c 1 (x. z z z F)
u'(cl(e));”(w) OWOWCOO) _ pufopc())eo 0} (3 0)4(6) { ¢”( 2(9)) (0 ¢,( zw))} O 6q)

[F(Ky 2,116, Ju(c(0) m(0)T Ar(6) ()T 1y(6) ) 1, (0) h(6))[ a6

h(6) (0

Condition (6a) connects the household’s marginal rate of substitution (henceforth, MRS) between
consumption today and tomorrow with the marginal rate oftransformation (henceforth, MRT) between
consumption and investment today. As investment today accumulates physical capital tomorrow, the
MRT is the firm’s marginal product of capital (henceforth, MPK) tomorrow. Moreover, (6b) and (6¢)
also link the household’s MRS between leisure and consumption to the MRT between labor and
consumption. This MRT is the firm’s marginal productoflabor (henceforth, MPL). Finally, (6d) links the
marginal cost with the marginal benefit of observable education expenditure in human capital investment.
These conditions determine the optimal implicit marginal tax rates on capital income and labor income,
as well as the optimal implicit subsidy rate on observable human capital investment, which are also known

as wedges that are defined in the next subsection.

3.2 Properties of the optimum and wedges

Wedges measure distortions in the second-best allocation relative to the laissez-faire allocation.
Agents’” work effort, consumption and non-verifiable education expenses are private information, which
generate distortions. There are three marginal distortions in the second-best allocation, defined as the

labor wedge 7,,, the capital wedge 7, and the human capital wedge 7,, as follows.

(1, Jule )= ()i @
u'(c,,)= (1—ka )[3RtEt_1 [u'(ct )J, (7b)
(l_rx,)u,(ct)zﬂl//x (xnyt)Et—l |:¢'(Z_:i)(hz‘i_:1)z:|a (7(:)

26 The detail and the rearrangement of the first-order conditions are relegated in Appendix A.2.
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where w, = F;(K,,Z,) and R, =F,(K,, Z,)+ (1 —§,).

In the dynamic taxation literature, the labor wedge is an intratemporal wedge, which measures the
difference of household’s MRS between labor and consumption today from firm’s MPL today (i.e., the
wage rate). In a similar fashion, the capital wedge is an intertemporal wedge, which measures the
difference of household’s MRS between consumption today and tomorrow from firm’s MPK tomorrow
(i.e., the rental rate). As for the human capital wedge, it measures the gap between the marginal cost and
the marginal benefit from observable education investment in human capital. The labor and capital
wedges are defined as implicit labor and capital tax rates, which is standard in the dynamic taxation
literature. Following Stantcheva (2017), the human capital wedge is defined as an implicit subsidy to
observable human capital investment x,. The labor, capital and human capital wedges serve to measure
the distortions of the second-best allocation relative to the laissez-faire allocation. In the laissez-faire,
these wedges would be zero. However, as consumption is indistinguishable from education expenditure,
the information asymmetry distorts household’s MRS between labor and consumption today and MRS
between consumption today and tomorrow, which cause labor, (physical) capital and human capital
wedges to deviate from zero. The signs of those wedges for agents with heterogenous types are studied
in Propositions 2 to 4 below. The proofs of Propositions 2 to 4 and Corollaries 1 and 2 are relegated
in Appendix A.4.

First, to derive the modified inverse Euler equation, we denote the following notation Q,(c,c.y1)

1 1

Qi ey = (7d)

u'(cy) a BRe41u' (crq)

Proposition 2 below determines the sign of the capital wedge, followed by a corollary for the capital

wedge in the special case when there are only observable education expenses.

Proposition 2. In the case of a separable utility, themodifiedinverse Euler equationis ofthe followingform

1 _ 1 —u(0)u"(c1(0)) 9y41(6)
u'(c1(0))  BRau'(c2(0)  A1m(0)U/(c1(0)) 86

for 6€(6,6), (82)

w(0)u"(c1(6)) ay1(6)
Mm()u'(c41(8)) a8

where — > 0 is the HCI effect. Then, the capital wedgeis positive and satisfies

71, (0) = 1/(c1(0))Q, (¢, (6),¢,(8)) > 0 for 6 € (8,6).

Corollary 1. Ifthere are only verifiable education expenses, the (inverse) Euler equation holds; that is,

1 1

u’(cl(B)) = ﬂRZ u’(Cz(G)) fbr 6 € [Q’ 6] (Sb)

Then, capital wedge is zero: T, (6) =0 for 6 € [6,6]

As there are non-verifiable education expenses, the modified inverse Euler equation (8a) holds, and
the capital wedge is positive; ie, 7, (6) >0 for 6 € 6,6). A positive capital tax comes from
indistinguishable consumption and education expenditure, dubbed the HCI effect. The reason goes as
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follows. Even without time-varying skill shocks, due to indistinguishable consumption and education
expenditure, agents may underreport their types by substituting away from education expenses toward
consumption today, which distorts the MRS between consumption today and tomorrow This gives rise
to an indirect tax on future consumption, and thus a positive capital wedge. Specifically, by reducing
education expenses for consumption today, agents have a higher consumption level today, which gives a
stronger preference to save for smoothing consumption. However, as savings are observable, the
deviators, who under-report skills, have to save as much as their reporting types to avoid being caught. A
positive capital wedge hurts the deviators more than the truth-tellers, and thus offsets the benefit from
under-reporting, So, it is an efficient way to provide the correct incentives for agents to reveal their true
type. The same result holds in the extension to T periods later.

By contrast, if there are only verifiable education expenses, the standard consumption Euler
equation (8b) holds and thus, the capital wedge is zero. This is an application of the Atkinson and Stiglitz
(1976) result on the non-optimality of indirect taxes if the preference is separable in consumption and
labor. Yet, the Atkinson and Stiglitz (19706) result cannot apply when there are non-verifiable education
expenses.

Next, we have proved in the Appendix A.4 the following proposition and corollary concerning the

sign of the labor wedge.

Proposition 3. In the case of a separableutility, the labor wedge is negative in thefirst period, and becomes

positive in theterminal period. To be more specific,

09 (32)u" (60 03, @

7,,(0) = 7@ (e, @)wihy 08 <0 for6e(6,0),
skill-fostering effect
and
_ _B.U(e) " 22(9) Zz(e) , 22(9) ahz(e) -
%O = o0, [¢ <h2<9)>h2(9)+ <h2(9>)] a9 > 0for0€(@0).

shirk-preventing effect

Corollary 2. [fthere are onlyverifiable education expenses, T, (6) = 0 and t,,(6) > 0 for 6 € 6,0).

Intuitively, when there are non-verifiable education expenses, consumption is indistinguishable from
education expenditure. Then, high-skilled agents may underreport their skill types and reduce education
expenses for consumption. A negative labor wedge in the first period acts like an implicit subsidy which
is a mechanism to induce agents to work according to their true types and invest sufficiently on education,
dubbed skill-fostering effect.

Yet, if there are only verifiable education expenses, agents cannot cut down education expenses
without being caught. Then, given the same initial human capital, there is no distortion between

consumption and labor in the first period and thus, the labor wedge is zero in the first period.
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In the terminal period, an agent has no incentives to invest in human capital. This goes back the
standard Mirrlees literature, the shirking-preventing effect. Thus, the labor tax is positive in order to
prevent agents from shirking In the extension to T periods, we will show a transition from the skill-
Jostering effect to the shirking-preventing effect in early periods, and thus labor wedge is negative early in
the life cycle.

Finally, for the human capital wedge, the definition in (7c) may not reflect the distortion purely
caused by observable education expenses. As Stantcheva (2017) pointed out, the human capital wedge
may include several simultaneous distortions, such as labor distortions and capital distortions. To measure
the distortion purely caused by observable education expenses, Stantcheva (2017) undid the part of the
effects of labor and capital distortions to find a measure of the net distortion on observable human

capital expenses. Following Stantcheva (2017), the net human capital wedge is defined as follows.

Definition 2. The net wedge on observable human capital expenses, Ty, is defined as
Ty, = Et[Txt —Newr t :Kt+1]v

where

— Wt+1Zt+
Ny

+1 Res1hert x(xt'yt)TzHl

captures the distortion caused by the (appropriately scaled) labor wedge T and

Zt+1
K., = Prn I(Zt+1) x,,. )0

t+1 = p2? s U (v )0,
captures the distortion caused by the capital wedge, where , is related to the modified inverse Euler

: : defined in (7d).

equation ), = —
d £T W BRermt(emn

In Appendix A.4, we have proved the following proposition regarding the net human capital wedge.

Proposition 4. In the case of a separable utility, thenet human capital wedge Ty, (0) isgivenasfollows:

dh,(6)
a0

_,BH(B)ZZ (9) ) (22(6)
1177.'(9)(]'12 (9)) 3 (p (hz(z))lpx (xl (9);)/1 (9))

2 (0) = >0 for6e(8,0).

The result of a positive net human capital wedge is not new: Stantcheva (2017) established that the
net human capital wedge is positive if and only if the Hicksian coefficient of complementarity between
ability and human capital is less than one. As the human capital technology is set to be separable (cf.
Assumption 1) in our paper, the Hicksian coefficient is zero.2” Hence, our positive human capital wedge
is consistent with the result in Stantcheva (2017).

Based on the boundary condition (5a), it is clear that the capital wedge, the labor wedge and the

human capital wedge are all zero for agents at the top and the bottom of the type distribution: 7y, ) =

7 The positive net human capital wedge is enhanced if we allow for the complementarity between human capital
investment and skill types.
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7, (0) =0, th(g) =1,(0) =0 for t =1,2,and 7, ) = Ty, (8) = 0. This confirms that the result of
"no distortion at the top and the bottom" obtained in static models (e.g., Mirrlees, 1971; Stiglitz, 1982)
and dynamic models with exogenous skills (e.g., Farhi and Werning, 2013), is robust in dynamic models

with unobservable human capital investment over time.

4. A T-period Model

We now generalize our results from two periods to T periods. To make our T-period problem
tractable, following Stantcheva (2017), we focus on partial equilibrium, wherein the interest rate R, and
the wage rate w, are treated as predetermined.?” A T-period modelis more complicated thana 2-period
model, as skill shocks that an agent has experienced earlier affect human capital investment later. Denote
by 8° = (0,,0,,...,0,) the history of skill shocks up to period t. Then, an agent’s choice in period t is
affected not only by skill shocks 6, realized in period t but also by the history of skill shocks 6*~*

undergone before period t. Then, the evolution of the human capital is:

B (0°)=w(x.(6).5,(6)) +6.. )

To simplify the model, we assume that human capital is completely depreciated in one period.? If
the human capital is not depreciated after one period, the educational investment in the current period
will affect not only human capital in the next period but also human capital after the next period until the
terminal period. Then, it is too complicated to analyze the T-period model. Although the depredation of
human capital after one period is somewhat restrictive, the assumption greatly reduces the complexity of
the determination of the education choice (cf. Proposition 5 below), so as to focus on the interaction
between the current period’s educational investment and the next period’s human capital level. Then, the
planner’s problem can be stated in a tractable recursive formulation by focusing on the state variables in
the current period, rather than the whole history of types, since, forany period t, once we condition on
the history of shocks in a period earlier 8,_,, the entire history of shocks '~ is redundant.

The lifetime utility of an agent with type history 8° is written by the following Bellman equation:

28 Once we allow theincomedistribution to havea Pareto tail (Saez, 2001), or if there is movingsupport with the
upper and lower bounds depending on the past type realization (Farhi and Werning, 2013), the “no distortion at
the top” result no longer holds.
¥ Stantcheva (2017) focused on partial equilibrium, who spedfied a fixed interest rate with a pre-determined wage
rate being a fundtion of human apital in her T-petiod model. In our two-period model eatlier, the interest rate and
the wage rate are derived from aggregate production function, which depends on physical and effective labor. To
be consistent with our two-period model, we spedfy an interest rate and a wage rate in our T-period model, such
that physical capital yields a pre-determined interest rate and the product of the wage rate and human apital is
endogenous and equal to the marginal return to labor.
30 Although we annot analytically solve the model if the human aapital is not depredated after one period, the
qualitative results are the same in that the capital wedge is determined by the HCI effects in the current and the
next periods, and the labor wedge by the shirk-preventing effect and the skill-fostering effect, and moreover, the
net human capital wedge s still positive.
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In a T-period model, agents report their types in each period. We denote the reporting strategy by
o= (0,(87),...,07(67)) when an agent with type 67 = (6,,...,0;) specifies a reported type o, for
period t.Denote the set of all possible reporting strategies by R. For observable allocations like effective
labor, verifiable education expenses, and the sum of consumption and non-verifiable education expenses,
the planner can directly assign the allocations as functions of the history of reported types o' =
(o4,...,0:). But, for unobservable allocations like non-verifiable education expenses and consumption,
an agent will choose the optimal allocation based on their reporting strategy 0 €R. To analyze the
constrained efficient allocations, we start by analyzing the choice of non-verifiable education expenses

and consumption for the agent with a reporting strategy o €R.

4.1 The Agent’s Problem
In Appendix A.5, we have solved the agent’s problem concerning the choice of non-verifiable

education expenses and consumption, which is characterized as follows.

Proposition 5. For a reporting strategy o €R, the optimal non-verifiable human capital investment is
determined by the following condition

ur(cg(gt)) — —ﬁf b (Z(o’t+1))¢y(x(o.t) y”(et))ﬂ(gﬁ_l)d@”l

YG))

Thus, the agent’s optimal choice characterized in Proposition 1 is extended to T periods.

For a type 8¢ agent, the expected lifetime utility in period t under a truth-telling strategy is
typ g p tymp g gy

(6 ol o 2t B (0, ), 100

while the expected lifetime utility in period t under a reporting strategy o €R is

o t) _ o t\)_ z(0") o t+1
w (6 )_ r}l@?ju(c (9 )) ¢(w(x(uf*).y"w“))wH )+ﬁIW (6 )"(9t+1)d9t+1' (10b)
where ¢?(6%) must satisfy Proposition 5, when there are non-verifiable education expenses.

4.2 Incentive compatibility constraint

To study the incentive compatibility of the relaxed social planning problem, we follow Stantcheva
(2017) and consider one particular deviation strategy ¢ with the reported type & = (0y,... ,0,,.., 07 ),
wherein the agent reports strategies truthfully in all periods except t (i.e., 6,(07) =6, Vu #t) when

he may deviate by specifying a reported type 6,(87)= 8,. Denote the set of this particular deviation
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strategy & by R.(87)={6=(8,,...,0,)|8, =6, Vu#t, and 0, € 6}. %
In Appendix A.7, we have used Proposition 5 to prove the following properties under this kind of
reporting strategy.

Proposition 6. Consider one particular deviation strategy ¢ € R, (0T). Then, the optimal allocations have the
followingproperties:
(1) Indeviation period t, the optimal non-verifiable human capital investment is decreasing with the true type

0;, butthe human capital levelis still increasing withthe true type 6. That is

2709 < g ana 220 5 g,
26 a0,
(2) For a period s afier the deviation period (ie., s=t+1), given the same reporting type 07 =
(04,--.,67), thedeviating agent’s optimalnon-verifiable human capital investment and consumption are
the same as the truth-telling agent. Thatis,

y3(95) = y(@s) and c®(0%5) = c(@s).

Property (1) in Proposition 6 is an extension of Proposition 1 with 2 periods. Based on Proposition
6, for any period § = t + 2, it is straightforward to show that a type 8° agent with a reported type 6%
obtains the same expected lifetime utility as that of a truth-telling agent, W?(6°%) = W(6°); that is,

W2(0)=u(c" (0) = (s + B[ W (6" (.., )d6..,

Y(x(6 1) y° (6046, 4

= u(c(8))- ¢(¢) +B[W(EIn(6,,,)db,,, =W(E*), V s>t +2.

Y(x(B ) p(B 16, 4

Given W?(6%) = W(6°) forany s = t+2 and c®(8"*1) = c(6°+7), the expected lifetime utility

in period t of the agent with a reporting strategy 6° can be rewritten as follows.

W (o) =ule(8' )+ 3(0)- " (0) ¥ st

: : (112)
# Bl u(e(67)) -9l s o )+ BIW (6% (... )., (@, ).
Like (4¢) in the two-period model, the incentive compatibility constraint is
w(6')=max?(6"). (11b)

0,€0

Denoting 1, ) = wy(x(e), y(H)), then differentiating (11a) with respectto 6, gives anenvelope

condition that includes a static utility gain and a dynamic utility gain, like (4d) in the two-period model.

! In the text, we only focus on a one-deviation strategy, which is the standard way of thefirst-order approach. In
Appendix A.6, we show that, under a proper condition, the incentive compatibility of the one-deviation strategy
an beextended to a multi-deviation strategy.
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(o) ele )] oS e a0

h‘*l(et b, (67)

The expected lifetime utility of truth-telling agents with type 8¢ and the envelope condition can be

expressed in terms of the following recursive formulation:

w(e)=ule(e)) o 7% ) vl 1

W (6) = (c(6)) 2L+ pa(er),
where

v(6)=[w(e* ) (6, )de,.,,

a(0)=#] # (3 it 0 0

and these two new variables v(0%) and A(8%) will serve as state variables.

4.3 The relaxed planning problem and properties of the optimum and wedges

Now, we analyze a family of related problems that admit a recursive dynamic programing problem
through a suitable definition of state variables. In a T-period model, the utility maximization problem is
subject to period-by-period resource constraints. To avoid imposing so many resource constraints, we
follow Atkeson and Lucas (1992), who studied a dual continuation problem, wherein the partial
equilibrium of the dynamic incentive problems was analyzed without period-by-period resource
constraints imposed upon the principal.?? Given period t and past history 87, we envisage the dual
continuation problem that minimizes the remaining expected discounted resource costs, while taking as
given previous values for state variables v(6°"1) and A(*™?).

The remaining expected discounted resource cost of providing the allocation is:

IC(V,A,h,HH,S):minimkt[c(ef)+x(9t)+ y(6)-w,z(6)]m(8,)m(6,,).-7(6,)db, .d6,.

The social planner minimizes the expected discounted cost above, subject to the incentive
compatibility condition and the expected lifetime utility for each (initial) type 6 being above a targeted
threshold value. For any period t, once we condition on the history of shocks in one period eatlier 8,_;,
the entire history of shocks 872 is redundant. Then, using the recursive formulationin (11d), Appendix
A.8 has written down the T-period relaxed social planning problem for periods t =1,2,3,..,T —1, in
terms of a recursive Bellman equation. The details of solving the relaxed social planning problems
relegated in Appendix A.8.

We now analyze the properties of the optimum in terms of the sign of the capital wedge and the

32 The sameapproach was used by Farhietal (2012), Farhiand Werning (2013) and Stantcheva (2017).
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labor wedge in the T-period model. As the wedges depend on the history of types, the definitions in

(72)-(7¢c) are revised as follows.

(l—rz (Gt))u'(c(et))zqﬁ’(%)W, (12a)
u'(c(@t )) = (1 -7, <6t ))BRME[ [u’(c(@”l ))], (12b)
(1-2.(0))w'(c(0) = Bw. (x(¢').(0)) {¢'(1‘f;7))j[j(jfﬁl}. 12¢)

Let fi(8) be the co-state variable associated with the envelope condition W (®) and y(6_) be the

shadow price associated of the state variable A in the relaxed planning problem. In Appendix A.8, we
have shown that fi(6) > 0 and y(6.) <0.3
First, in Proposition 7 and Corollary 3 below, we establish the modified inverse Euler equation and

the sign of the capital wedge. The proof is relegated in Appendix A.8.

Proposition 7. In the case of separableutility, the modified inverse Euler equation is of the form

—r - - t-1 t te@t =
o) E,_, ﬁRtu,(th))+nt_1(c(9 ),c(6 ))], for 8t €0t t=23,..T, (132)

where

-1 i = A (c(65 ) ay (o)) —1 a(64)u" (c(6) ay(6?)
Ee 1[0 (c(07 D, (@) = n(0t=Yu'(c(6t™1)) 961 BRe | n(6Du/(c(69)) a6t | (13b)
Current period’s HCI effect Next periods HCI effect

ay(gT—l)
90T-1

<0, or(e7) _ 0, and thus, Q,_;(c(0*1),c(8Y) >0 and

In particular, inthe terminal period, as ST

1 1 [;]
u’(c(BT_l)) BRT u’(c BT)) I

which induces a larger capital wedge than that in the casewhen thestandard inverse Euler equation holds.

When non-verifiable education expenses are not present, the modified inverse Euler equation (13a)

reduces to the tradition inverse Euler equation. It is stated formally in Corollary 3 as follows.

ay(et—1) _ ay(et) _

— 0 and then theinverse Euler
agt-1 aet

Corollary 3. Ifthere are onlyverifiable education expenses,

equation holds. Thatis, E,_[Q,_,(c(8*1),c(6*))] = 0.

33 The sign of i(6) > 0 in Section 4 here is different from the sign of pu(8) < 0 in Section 3. Thereasonis that
the planning problem in Section 4 s in terms of a sodal cost minimization, wherein the sodal cost s raised in order
to be incentive compatible, while the planning problem in Section 3 is in terms of a sodal welfare maximization,
wherein the sodal welfare is decreased in order to beincentive compatible.
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Thus, the sign of the capital wedge characterized in Proposition 2 for two periods is extended to T
periods. If there are only verifiable education expenses, Corollary 3 shows that the standard inverse Euler
equation holds. Then, due to time-varying skill shocks, the capital wedge is positive (ty, (8°) > 0), which
is the standard outcome in the dynamic Mirrlees literature resulting from an insurance effect.

In contrast, when there are non-verifiable education expenses, due to inseparable consumption and
education expenditure, E,_;[Q,_;(c(0*"1),c(0")] # 0. Then, the standard inverse Euler equation does
not hold. In this case, agents have incentives to reduce non-verifiable education expenses for
consumption, thus a HCI effect. As is clear from our proof in the Appendix, a higher skill shock today
exerts two HCI effects that offset each other. One effect is from reducing non-verifiable education
expenses toward current period’s (period t —1) consumption, which enhances the otherwise positive
capital wedge from the insurance effect. By contrast, the other effect is via reducing non-verifiable
education expenses toward next period’s (period t) consumption, which offsets the otherwise positive
capital wedge from the insurance effect. The net effect on the capital wedge is ambiguous, as it is not
sure whether the next period’s HCI effect is strong enough to dominate the sum of the current period’
HCI effect and the insurance effect. Yet, in the terminal period, there is only the current period’s HCI
effect, so the capital wedge is unambiguously larger than the otherwise positive capital wedge arising from
the insurance effect.

Next, we establish the sign of the labor wedge as follows with proof relegated in Appendix A.8.

Proposition 8. In the case of a separable utility, the labor wedge is negative in the first period, T,(6) < 0
for B € (Q,g), and ©,(0%) is ambiguous for t =2,3,..T — 1. In the terminal period, the laborwedge is
positive ,(07) > 0. To be more specific,

_nor(6t D[ [ z(6t z(0Y) [ z(6 ” . z(6
R s ) Tl (h(éf?l))]J,_”(gt)u ()0 (655) oy(er

t
7,(0°) = : 14
z wt[h(Gt 1)]2 (0 (c(at))wth(at 1) ot ( )
. . =0 whent=1 = -
shirk-preventing effect . ” ; =0 whent=T
[> 0 otherwise skill-fostering effect {< 0 otherwise

Notethatat t = 1, only skill-fostering effect is present as agents are endowed with identical human capital in

. . . . . . ay(e
thefirst period, whileat t = T, thereisno need to invest in human capital, andtherefore Z(—T) = 0. Hence,

oT

only shirk-preventing effect is present at terminal period.

ay(G)

Corollary 4. Ifthere are only verifiable education expenses, ——— 0 = = 0. Then, the laborwedge is zero in the

firstperiod, T,(6) =0 for 0 €[8,0)] and positive in the rest of the periods, T,(0Y) > 0 for t > 2.

Thus, the sign of the labor wedge characterized in Proposition 3 for two periods is extended to T

0 .
y; )= = 0, and thus, as stated in Corollary

periods. If there are only verifiable education expenses, then
4, the labor wedge is zero in the first period and positive in all other periods. Hence, like the existing

literature, there is only a shirk-preventing effect after period 1, and thus the labor wedge is positive in
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order to prevent agent from shirking With non-verifiable education expenses, consumption expenses are
indistinguishable from education and there is a skill-fostering effect. Then, in period 1, there is only a
skill-fostering effect, and thus a negative labor wedge, or a subsidy to labor supply, is optimal. After period
1, the skill-fostering effect dominates the shirk-preventing effect in early periods. Hence, a negative labor
wedge early in the life cycle is optimal, which is a mechanism to induce agents to work according to their
true types and invest sufficiently on education. In later life cycle, human capital investment decreases and
the skill-fostering effect phases out, so the labor wedge is positive.

To summarize these wedges, firstly, our positive capital wedge arises not only from an insurance
effect due to time-varying skill shocks, but also from an HCI effect due to indistinguishable consumption
from education expenses. This is a new mechanism, which is different from that in the existing Mirrlees
models with exogenous skills (e.g, Diamond and Mirrlees, 1978; Golosov et al., 2003; Goloslov et al.
20006; Werning, 2007; Farhi and Werning, 2013), with observable human capital investment in Stantcheva
(2017), and with unobservable human capital investment in Grochulski and Piskorski (2010). Moreover,
the result adds value to Stantcheva (2014) in that we analytically separate today’s positive HCI effect from
tomorrow’s negative HCI effect on the capital wedge, so as to assure when the capital wedge is larger or
smaller than the capital wedge in the case with only observable human capital.

Secondly, our negative labor wedge early in the life cycle is a new result in the dynamic Mirrlees
literature. This is different from the positive labor wedge in models with exogenous skills (e.g, Golosov
et al., 20006; Werning, 2007; Farhi and Werning, 2013) and the model with observable human capital
investment in Stantcheva (2017). Our resultis also different from the model with unobservable human
capital investment at the beginning of the life cycle by Grochulski and Piskorski (2010), wherein their
labor wedge is positive for low-skill agents and negative for high-skill agents. The labor wedge in these
existing studies serves to induce agents to work according to their types, thus a shirk-preventing effect.
With indistinguishable consumption from education expenses, our negative labor wedge helps encourage
agents to work more. Intuitively, the deviation strategies involve shirking and under-investing in human
capital. The deviators are over-skilled relative to the truth-tellers, who provide the same low effective
labor supply. As the effect from under-investing in human capital dominates the effect from shirking, the
deviators have higher consumption relative to leisure, and thus have a stronger preference for leisure and
a weaker preference for consumption than the truth-tellers. It is not worthwhile for the deviators to
under-invest in human capital for more consumption. A marginal subsidy to labor income makes it
optimal to provide the effective labor supply and invest in human capital according to their true types,
thus a skill-fostering effect. The result adds value to Stantcheva (2014) as well. We obtain a negative labor
wedge in early periods of the life cydle, at least unambiguously in the first period, when the negative skill-
fostering effect on the labor wedge dominates the positive shirk-preventing effect.

Finally, as noted in section 2, the human capital wedge defined in (12c) may be affected by capital
or labor distortions. Hence, it is necessary to define a net human capital wedge that reflects only the
distortion caused by observable education expenses. The net human capital wedge defined in Definition

2 still applies in the general T-period model. In Appendix A.8, we prove the following proposition, which
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states that the net human capital wedge is positive, the same as the simple model in Section 2.

Proposition 9. In the case of a separable utility, the net human capital wedge is positiveas follows.

(09 = E, [ y(et)z(9t+1)¢,(z 6t+1))¢x(xt(9t) yt(gt))ah(e )] S0

Rep1(R(69))3 n(6%)

Remark. Propositions 7-9 have established the forms of the capital wedge, the labor wedge, and the net
human capital wedge in the general T-period model with random types. By setting T = 2 and adjusting

multipliers, such as setting fI = _—1 and y = ﬂ , these forms are reduced to those in Propositions 24

in the simple two-period model.? Multlphers in the general T-period model are different from those in
the simple model and thus need adjustments, because the social planner problem is a cost minimization

form in general model, while it is a welfare maximization form in the simple model.

5. Tax Implementation in an Equilibrium

While it is tempting to interpret the capital and labor wedges defined in (12a) and (12b) as capital
and labor taxes, because there is a double deviation problem 3 the relationship between wedges and taxes
is not straightforward.? In this section, we build a tax system to implement the associated constrained
efficient allocation in a decentralized economy. Such tax implementations usually are not unique. In
general, there are different tax systems that can implement constrained efficient allocations as an
equilibrium in a decentralized economy. See, e.g;, Albanesi and Sleet (2006), Kocherlakota (2005) and
Grochulskiand Piskorski (2010). In our implementation, we show that the capital wedge and labor wedge
are not just implicit marginal tax rates, but they are also explicit marginal tax rates in our tax system.

Golosov etal. (20006) pointed out that the simplest method of implementation is to assign arbitrasily
high punishments if an agent’s observable allocation in any period is different from the constrained
efficient allocation. Yet, this way severely limits an agent’s choices and may be unrealistic. To relax the

limitation and to create a direct connection between wedges and taxes, we provide a simple tax system

* When T = 2, the historyof typeis 8° = (6,,6,), butas thereis no need to invest human apital in period 2 for
period 3, 6, does not affect the economy and thus, is redundant. Hence, by setting 8; = 6 and adjusting
multipliers, Propositions 7-9 reduce to Propositions 2-4, respectively:
35 Intuitively, each wedge controls only oneaspect ofa worker’s behavior (laborin a period, or savings) taking all
other choices fixed at the optimal level. For exam ple, assuming thatan agent supplies the sodally optimal am ount of
labor, a capital tax defined bya capital wedge would ensure that the agent also makes a sodally optimal amount of
savings. However, agents choose labor and savings jointly; if an agent considers changingherlabor, then, in general,
she also considers changing her savings. Because the wedges are not constant values, joint changes in savings and
labor may change the wedges to other values, which possibly gives allocations that are better than sodally optimal
alloaations. Thus, there are double deviations. Kochetlakota (2005) and Albanesi and Sleet (2006) showed that sud
double deviations would give an agent a higher utility than the utility from the sodally optimal allocations, and
therefore the optimal tax system must be enriched with additional elements in order to implement the optimal
allocations.
3% Moreover, the wedges mayalso differ from taxes because of the general-equilibrium effects, but these effects are
shutdownin themodel.
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with linear income taxes to implement the constrained efficientallocationin a market economy. Different
from Grochulski and Piskorski (2010), deferred capital taxes are not necessary for our linear capital
income taxes. We show that these optimal linear capital and labor income tax rates are exactly the same

as the optimal wedges established by the social planner.

5.1 A class of the tax system

Our tax system is described as follows. The tax system {7} includes linear labor and capital income

tax rates (¥, and f;) and lump-sum taxes (I'). Note that the government observes verifiable education
expenses, effective labor and capital (%%,2,,k ), but cannot observe non-verifiable human capital
investment. These linear labor and capital income tax rates thus depend on agents” history of verifiable
education expenses, with the tax rates being ,(%") and £, (X") which are different for different agents
Moteovet, the lump-sum tax depends on these three observable allocations,?” since the lump-sum tax
[(%%,%,, k) is different for different agents.

Therefore, for each period t, the tax revenue from an agentwith observable allocation (%%,2,,k 1)

in our tax system is

(152)

5.2 Income condition and reduced forms of taxes

Since a part of human capital investment is verifiable, our tax system punishes agents whose
verifiable human capital investment deviates from the constrained efficient allocation. Let the set of
recommended verifiable education expenses be X! = {x*:30¢ € 8¢ s.t. x* = x*(9*)}, and agents are
required to choose one of the allocations in X*; if otherwise, they will face severe punishment. As for
capital and effective labor, agents are not obligated to choose constrained efficient allocations, but are
expected to make sure agents’ after-tax income consistent with the constrained efficient allocation. Thus,

we impose the following “income” condition:
S(x (07, k., )= (1 ~2, (% (ét)))wt (2(6)-2,) - (k(@)~k.,)=0, for all 7 €0  (15b)

Toavoid punishment, agents have to choose the observable allocation (ft,it,EtH) such that ¥ =
x(@Y and the income condition S(x!(8%),2,,k.y;) =0 is met for some 8¢ € 0% if otherwise, they
face a severe punishment I’ (ft,Zt,Et+1) = o0. Given such conditions, our tax system specifies the

following reduced-form taxes for linear labor and capital income tax rates and lump-sum taxes.3

37 These three observablealloations (%,7, k,,,) inthelump-sumtax I' are used to cheds whether theincome
condition in Section 5.2 is satisfied or not. If the income condition is not met, then agents would be severely
punished through thelump-sum tax. Once theincome condition is met, then thelump-sum tax I' is not affected
by thevalue of these three observablealloaations (£%,2,,k,, ).
¥ AlthoughT dependson the current labor z, itis a lump-sumtax, because once the income condition s satisfied,
I" depends on only the reporting type.
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£,(x'(8%) = 7,(6")
£ (x(09) = 7,.(8")
F(xt@%,2,kr) = F(8Y)  if S(x*(89),%,kiy) =0

5.3 Implementation with the tax system
Given physicaland human capital (k,, k) accumulated from previous periods, under our tax system

{7}, the problem of type 6, agentin the decentralized economy in period t is:

Ut (}Et h,,0, ) =maxu(c,) —¢(;—:) +BE, [[]tﬂ (l:’m b6, )],

subject to

hoy=9(%.3,)+6,,
where E [U™*(kpyq, Rep1,0001)] = J U (keyr hiey 10001 )T (0141)d0,, 1, and the maximization is taken
over {62, %, Jo Porr K or 1}. Note that the tax policies (15a) are substituted into the constraints above,

and the income condition (15b) is used in solving the problem. In Appendix A.9, we have established

the following proposition.

Proposition 10. Under the tax system {71;}, the constrained efficient allocations can be implemented in a

decentralized economy, and the corresponding two linear capital and labor income tax rates are consistent
with the wedges. Thatis, T,(0%) = 1,(0") and T,(0") =7,(0"), t =1,2,...,T.

Proposition 10 says that the wedges (7,,7;) as defined in the planning problem in subsection 4.3
can implement the constrained efficient allocation in our tax system.

To help understand how the implementation works, it is useful to describe the implementation in
the two-period model and, in particular, the key income condition (15b) in preventing the double
deviation.

In our two-period model, to avoid severe punishment, agents have to choose the observable
allocation (fl,Zl,Zz,Ez,Ez) such that %, = x,(@) and the income condition S(xl(é),Zl,lEZ) =0 is

met for some 6 € 0, and (15b) reduces to a tax system of linear factor income tax rates as follows.
St (20k,)=(1-7,, @)w, (2,(0)-7 ) -(k.(6) -k, ) =0,
$ (&0 ) =(1-7,,(0)) (141, ) e, () - k)~ (c,(6) -, ) =0,

where 1+7, =R,.

The two-period tax system T = {T;,T,} is described as follows.?

% By restricting x, = x,(8) for some 8@, without any further restrictions in Subsection 5.2 when the agent
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In the first period, the taxes are
T,=T,(0)=T,(0)+ 7, (0)w,z,,
if there is some O € O such that the condition $¢(z;,k,) = 0 holds and x, = x,(6); otherwise, T, = oo.
In the second period, the taxes are
T,=T,(0)=T,(0)+7%, (0)w,z, +7, (0)rk,,
if there is some 6 € ® such that the condition $Y(z,,k,) = SJ (k,,c,) = 0 holds; otherwise, T, = oo.

The tax system is explained as follows. Linear labor tax rates and linear capital tax rates
(%,,(0),7,(8)) and lump-sum taxes [(6), t=1,2 and 0 € (8,0), are designed for agents who meet
the two conditions Sf(z;,k,) =S¢ (k,c,) =0. If any one of these two conditions is not met, then
agents will be punished sufficiently severely.

Then, we establish the same results as those in Proposition 10 for two periods.#? Thatis, there exists
an optimal tax system T ={T,,T,} such that the linear factor income tax rates are consistent with the
wedges. That is, %, (8) =7,,(8) and %,,(68) =7,,(6) for t =1,2.

The result says that our tax system can implement the constrained efficient allocation as a
competitive equilibrium. Moreover, these linear capital and labor tax rates in the competitive equilibrium

(%,,(0),%,(0),t =1,2, are consistent with the wedges (7,,(6), 7y, (0)) in the planning problem.

5.4 The necessity of the income condition

In this subsection, we provide intuition concerning the role of the income condition (15b) that
helps our tax system implement the constrained efficient allocation in our tax system.

Without the income condition (15b) in our tax system in a decentralized economy, the optimal

allocation must satisfy the following Euler equation.
u'(¢,)=PBR., (1 -7, (é‘ ))E[u’(éH1 )] for some 6t €6t (162)

In order to implement the constrained efficient allocation in this tax system, we must find an
appropriate linear capital tax ,(8%) such that, for any reporting strategy 6(8%)= 8¢ in the planning
problem, the allocations {c?(6%),c%(6¢*1)} satisfy equation (16a).4 However, this is impossible,
because the government cannot tell shirking from truth-telling agents. For the same reporting type 8%
shirking and truth-telling agents must have the same linear capital tax rate T (0Y). According to

Proposition 6, under a particular deviated reporting strategy 6 € R +(87), both shirking and truth-telling

dhooses alloations {c;,¢,,¥;,h,,21.2,, ky } to maximize the lifetime utility, it is impossible that the resulting
allocations are exactly the same as constrained effident allocations. By adding the two extra constraints S¢ (z,, k,) =
§9(k,, ¢,) = 0, the resulting allocations are the same as constrained effident allocations. See Appendix A.10.

% The details of this two-petiod tax im plementation can be found in Appendix A.10.

*I Grochulski and Piskorski (2010) pointed out thatif (16a) does not hold for some reporting strategies, then this
reporting strategy is not individually optimal and complicated an equilibrium strategy, and thus the constrained

effident allocation is not implemented.
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agents have the same consumption in period t + 1;ie. Gpyq(07)= 0,4y, and c%(O% 1) = c(8**1). This
indicates that the discounted, post-tax marginal utility of consumption in the right-hand side of Euler
equation (16a) is the same for both shirking and truth-telling agents. However, by deviating in period t,
the shirking agent can consume more than a truth-telling agent, so the marginal utility of consumption
in period t in the left-hand side of (16a) for a shirking agent is different from that of a truth-telling
agent. As such, there is no capital tax rate ‘fk(é t) that satisfies Euler equation (16a) for both shirking
and truth-telling agents.

To resolve this problem, the income condition (15b) is needed in our tax system. If we denote
17°(8%) as the multiplier of the income condition (15b) in the agents’ problem, then the Euler equation

(16a) is revised as follows.
(&)= PR (1-F,(6)E, [ (6,1)]-n" (6"): (16b)

Agents of different types have different shadow prices n%(8%). Moreover, as the linear labor income
tax rate 7,(8%) directly affects the income condition (15b), the shadow price of the income condition
na(et) changes with different values of 7, (6Y). Hence, this income condition makes room for the
constrained efficient allocation to satisfy (16b) for both shirking and truth-telling agents. In other words,
different multipliers of the income conditions make it possible to find linear income tax rates
(#(09),%,(8Y) so constrained efficient allocations resulting from reporting strategies specified by
shirking and truth-telling agents satisfy (16b).

Our implementation of the constrained efficient allocations in terms of linear capital and labor
income taxes is different from the implementation in terms of a linear capital income tax in Grochulski
and Piskorski (2010). To avoid an agent from deviating from labor and saving jointly, these two authors
used a non-linear labor income tax to restrict the agent’s labor to the constrained efficient level. Under
the restriction, however, their linear capital income tax-adjusted Euler equations associated with truth-
telling and shirking strategies can be consistent with each other only if there exists a deferred capital tax

By contrast, we do not restrict agents’ labor choices. Instead, we only impose an income condition
S@&%, 2, ke 1) =0 to restrict the post-tax total income to be consistent with the constrained efficient
level. Our tax system has two merits. First, it allows agents to choose their labor and savings jointly
without the concern of a double deviation problem, provided that agents’ post-tax income is consistent
with the constrained efficientlevel. Second, a deferred capital tax is not necessary, because our linear
labor income tax rate can function like the deferred capital tax in Grochulski and Piskorski (2010). Our
linear labor income taxes play a role that makes our linear capital income tax-adjusted Euler equations

associated with truth-telling and shirking strategies consistent with each other.

6. Numerical Analysis

In this section, we offer numerical analysis to highlight the quantitative importance of our results
Our numerical analysis takes a middle position between a simple demonstration of the optimal
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mechanism and a careful calibration of quantitative implications for the wedge. The numerical analysis
has four goals: firstly, to demonstrate the average capital and labor wedge over time; secondly, to illustrate
the capital and the labor wedge for different skill types in some working periods; thirdly, to exhibit
whether the capital and the labor wedge are progressive or regressive in agents’ types; fourthly, to
highlight the redistribution effect in terms of the welfare gain and compare our history-dependent tax

system with a simple history-independent, non-linear tax system.

6.1 Calibration

We calibrate our model economy based on the US data and then quantitatively solve the constrained
efficient allocation. The calibration proceeds as follows.

Firstly, we construct a baseline decentralized economy, with a linear income tax system with tax
rates being set to current average levels in the US. The structure of our baseline economy is the same as
the model in Section 4 except for no social planner.

Agents are set to live 60 years, working for 40 years and then retiring for 20 years. In the baseline,
some parameter values are set exogenously, based on the existing literature, nor malization or assumptions
Table 1 lists all parameter values except two. Following Stantcheva (2017), these two parameter values are
endogenously calibrated to match the moments from the data, targeting the wage premium and the ratio

of human capital expenses to lifetime income. Table 2 lists these two calibrated parameter values.
[Insert Tables 1 and 2 here]

For the tax system, according to M cDaniel (2007), average capital and labor income tax rates in the
US during 1960-2007 are around 0.3 and 0.2, respectively. Thus, in our baseline economy, we set b =
30% and 72 =20%. We assume zero government expenditure G, = 0, so the tax revenue is equally

redistributed to agents as a lump-sum transfer LS. An agent’s budget constraints are as follows.

¢, +%,+y, +k.y <(1-70)w,z, +(1-1) )Rk, +LS,. (17a)

t+1 —

The periodic utility function during working years takes the following form.

) -o{ 2|t )22

t t

Following Farhi and Werning (2013), we set k = 3, which implies the Frisch elasticity for labor of
0.5. The discount factor is set at 5 per annum, which gives f = 0.95. Also, we set an equal discount
factor for agents and the planner, which implies that 1/R, = 8, and wage rates are normalized to 1.

As for the human capital accumulation, under construction, the initial human capital level is equal
for all agents; hence, the initial human capital level is normalized to h; = 1. The human capital
accumulation is (9), in which next period’s human capital depends on the function ¥(x,y) and agents’
types 6. Following Ewijk and Tang (2000), we use the Cobb-Douglas form for the function. Therefore,

the level of agent’s human capital in periods t = 2,...,40 takes the following form:
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h=B(x{yl,) +0,.. (17b)

t

Note that the form reduces to the case with only verifiable education expenses if p = 0. For
parameter values, following Ewijk and Tang (2000), we set p = 0.667, and the technology level B is
normalized to 1. The parameter 7 is calibrated to match the targeted ratio of the net present value of
lifetime education expenses over the net present value of lifetime income. Stantcheva (2017) computed
and found the ratio of 19 percent, with which we go along.

Moreover, following Farhi and Werning (2013), the skill shock € is an AR(1) process with white
noise, where the white noise is interpreted as measurement error with the coefficient of auto-correlation
being very close to one. A geometric random walk is adopted as follows.

iid 2 ap

0 =¢0_with loge, ~ N(—"T,U ),

wherein the distribution moves proportionally over a finite interval [6, 8] with the value of the degree
of uncertainty at 6% = 0.0095.42 The lower bound of shocks is normalized to 8 = 0.5, and the upper
bound 6 is calibrated to match the wage premium.

The estimated value for the wage premium in the literature lies within 1.2 and 2.4, as the estimated
range is 1.26-1.74 in Murphy and Welch (1992), 1.37-1.75 in Autor et al. (1998), 1.7-2.4 in Heathcote et
al. (2005), and 1.2-2.2 in James (2012). Our calibration targets a medium value of 1.8. T'o match the wage
premium, we go along Stantcheva (2017) and compute the labor income of the top 42 percent relative to
the bottom 42 percent in the population. We calibrate the values of 7 and 6 in the following way.

Firstly, we derive the individual’s problem in the decentralized baseline economy. In Appendix A.11,
we have set up the problem of an agent with skill type 8°. Based on the problem’s first-order conditions,

we use the parametric functional forms to simplify these conditions to the following four equations.
(Cf )7){ = ﬁRHl (1 - Tk )Et |:(Ct+1 )7X:|'
— Z -1
(1= )w.(e) " =(%) "+

o s g

t+1 t+1

_ Z y % 7(1-p) \ np-1

(@) (1) o
Next, with these four equations above and (17a)-(17b), there are six equations. Based on the
parameter values in Table 1, we solve the allocation {c,(0%),2z,(0%),x,(8%),y:(0%),k¢1(6%),he(6%)} for

each skill type history 6¢. Specifically, we guess initial values for  and 6, and use these six equations

2 Thedegree of uncertainty ° is empirically estimated by matching the increase in the cross-sectional variance of
wages or earnings in a given cohort as this chort ages. The estimate depends onwhether time fixed effects (smaller
estimates) or cohort fixed effects (larger estimates) are imposed, and on the time period (larger estimates in the
1980°s). Using cohort fixed effects over the period 1967-1996, Heathoote ez al. (2005) find 6% = 0.0095 for the
wage of maleindividuals, which was used by Farhi and Werning (2013), and we follow suit.



to solve the allocation for each skill type history 8¢, The resulting allocation is then used to compute the
wage premium and the ratio of education expenses to income. If the resulting wage premium and the
ratio of education expenses to income are different from the target values of 1.8 and 0.19, respectively,
we adjust the values of 7 and 8 and re-compute the allocation using these six equations. Then again,
we compute the resulting wage premium and the ratio of education expenses to income. The process is
repeated, until the wage premium and the ratio of education expenses to income reach their target values
The resulting calibrated value is 7= 0.4 and 6 = 1.5. See Table 2. We are ready to envisage the

simulation results.

6.2 Simulation Results
We apply these parameter values from calibration to the second-best economy and calculate the
policy functions with respect to the constrained efficient allocation of each type. Using the computed
policy functions, we carry out Monte Carlo simulations with one million agents evolving through periods
t =1,2,...,T. Note that agents do not work but consume the same after retirement, so all the wedges are
zero after retirement. Therefore, we only focus on working periods t =1,2,...,40 in this subsection.*3
In the first period, we normalize v; =5 and h; =1 and solve the cost minimization problem

(25b) in Appendix A.8, which is rewritten as follows.
K(v, =5 =1,t=1)=min | [¢(6)+x(8)+ y(6)-w,z(6)++K(v(6),4(6),h(6),6,2) |(6)de,

In later periods t = 2,...,T, the state variables v(6), 4(6), h(6) ate solved by the problem in the
previous period, and then the policy functions are solved by using the cost minimization problem (25a)
in Appendix A.8. To highlight the role of privately observed human capital investment, we also simulate
an otherwise the same model as our model except that both x(8) and y(8) are observable. This
enables us to compare simulation results of our model with those of the model without privately
observed human capital investment. An otherwise our model except for y(6) being observable, is
dubbed no private HCI.

6.2.1 Capital wedge

First, the average capital wedge over time is demonstrated in Figure 1. As the figure shows, the
average capital wedge is positive and decreases over time throughout all working periods in both our
model (the solid line) and the model without unobservable human capital investment (the dotted line,

labelled no private HCI). When comparing our model with the model of no private HCI, the capital

43 Thesolution of the relaxed planning problem may not be the solution of the original sodal planning problem.
Following Farhi and Werning (2013) and Stantcheva (2017), we have verified that our solution satisfies the IC
constraint in Subsection 6.4. For agents of all skill types, if they truly report the types, they obtain the highest
lifetime utility. Therefore, the solution that we characterize in section 4 is indeed the solutionof the original sodal
planning problem.
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wedge is higher in our model. This result comes from the HCI effect induced by unobservable human
capital investment.
[Insert Figure 1 here]
According to Proposition 7, our capital wedge involves three effects as follows:
Ty, (Ht ) ={insurance effect }+{ current period's HCI effect} +{ next period's HCI effect} .

We decompose the average capital wedge over time of our model in Figure 1 into these three effects
with the results illustrated in Figure 2. As is standard, the insurance effectis unambiguously positive,
which is the average capital wedge in the model of no private HCI in Figure 1. Moreover, Figure 2
indicates that the current period’s HCI effect is positive, while the next period’s HCI effect is negative.
The simulation result shows that the magnitudes of these effects are diminishing over time, but the
positive current period’s HCI effect quantitatively dominates the negative next period’s HCI effect. As a
result, the capital wedge in our model is higher than the model of no private HCI in Figure 1.

[Insert Figure 2 here]

To understand the distribution of the capital wedge across different skill types, we simulate the
scatter plot of the capital wedge against contemporary skill types in periods 1, 2,..., 40 over the life cycle.
To save space, Figure 3 presents the scatter plot in the mid-working period at ¢ = 20 as an example. As
is clear, from Figure 3(a), the capital wedge is not only positive but also progressive against
contemporaneous skill types, with a higher capital wedge for a higher-skill type. In Figure 3 (b)-(d), we
decompose the capital wedge against skill types into three sources. While Figure 3(b) is the insurance
effect, which is positive and regressive against skill types, Figure 3(c) is the current period’s HCI effect,
which is positive and progressive against skill types, and Figure 3(d) is the next period’s HCI effect, which
is negative and diminishing in skill types.

[Insert Figure 3 here]

Due to the insurance effect, the existing dynamic Mirrlees literature has obtained the capital wedge
that is positive, as illustrated in Figure 3(b). As the insurance effect diminishes over time, the average
capital wedge monotonically decreases and approaches to zero when nearing retirement (e.g,, Farhi and
Werning, 2013; Stantcheva, 2017). By contrast, the current period’s HCI effect and the next periods HCI
effect are both at work in our model. While the next period’s negative HCI effect and the positive
insurance effect are both weak with a factor of 107%, the current period’s positive HCI effect is strong
with a factor of 1073. As a result, the average capital wedge is positive for all the working periods.
Moreover, due to the large current period’s HCI effect, the capital wedge is positive and progressive

against contemporary skill types. To the best of our knowledge, these are new results.

6.2.2 Labor wedge
Next, we simulate the labor wedge in the periods 1, 2..., 40 over the life cycle. As seen in Figure 4,

the average labor wedge is negative early and positive later in working periods in our model (the solid
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line), as compared to being always positive in the model with no private HCI (the dotted line).
[Insert Figure 4 here]
According to Proposition 8, the labor wedge in our model involves two different effects as follows:
T, (9‘ ) ={shirking - preventing effect }+ {skill - fostering effect} .

Figure 5 decomposes the labor wedge over the life cycle in our model into two sources. As can be
seen, the shirking-preventing effect has a positive impact on the labor wedge, while the skill-fostering
effect has a negative effect on the labor wedge. Since the negative skill-fostering effect quantitatively
dominates the positive shirking-preventing effect in earlier periods, the average labor wedge is negative
in earlier periods. Moreover, Figure 5 indicates that the shirking-preventing effect is increasing over time,
while the skill-fostering effect is diminishing to zero when nearing retirement. As a result, the shirking-

preventing effect accounts for all effects on the labor wedge when nearing retirement.
[Insert Figure 5 here]

To understand the distribution of the labor wedge, we simulate the scatter plot of the labor wedge
against skill types in periods 1, 2,..., 40 over the life cycle. To save space, Figure 6 reports the scatter plot
using the mid-working period at t = 20 as an example. In Figure 6(a), the labor wedge is hump-shaped
against contemporary skill types, just like that in the Mirrlees model in Golosov et al (2006) and Ales et
al (2015). Yet, because of the skill-fostering effect, our labor wedge is negative at the top and the bottom
of the skill distribution, departing from the standard zero-tax result in the existing Mirrlees literature.
When decomposing the labor wedge in Figure 6(a) into the two sources, while the shirking-preventing
effectin Figure 6(b) is also hump-shaped and positive against skill types, the skill-fostering effectin Figure
6(c) is negative with the magnitude decreasing in skill types. At the bottom of the skill distribution, the
negative skill-fostering effect quantitatively dominates the positive shirking-preventing effect. At the top
of the skill distribution, although the negative skill-fostering effect is small, the positive shirking-
preventing effect is so small thatis quantitatively dominated by the negative skill-fostering effect. As a

result, the labor wedge is negative at the bottom and the top of the skill distribution.
[Insert Figure 6 here]

In the existing Mirrlees literature with exogenous skills, because of the shirking-preventing effect, a
positive labor wedge is designed for the redistribution purpose to prevent skilled agents from shirking.
Farhi and Werning (2013) studied a model with exogenous skills evolving according to a stochastic AR(1)
process. Their results indicate that the labor wedge is positive and regressive against contemporary skill
types. Stantcheva (2017) analyzed a model with endogenous skills via verifiable education expenses. Her
quantitative results suggest that the labor wedge may be regressive or progressive, depending on whether
the Hicksian coefficient of complementarity between skill types and human capital is larger or smaller
than 1. Different from these two papers, with unobservable human capital investment in our model, the
labor wedge is determined by the interaction of the positive shirking-preventing effect and the negative
skill-fostering effect. Thus, the labor wedge can be positive or negative, depending on the magnitude of
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these two effects. In early periods, the negative skill-fostering effect dominates the positive shirking-
preventing effect, so the labor wedge is negative. Moreover, in a middle working petiod, because the skill
fostering effect dominates the shirking-preventing effect, the labor wedge is not zero but negative at the

bottom and the top of the skill distribution. These are new results.

6.3 Welfare Gains and Simple History-independent Policy

In this subsection, we answer the following two questions. First, comparing with the laissez-faire
economy without taxes, what is the welfare gain of the constrained efficient allocation in our second-best
planning economy? Second, if our history-dependent tax system is too complicated to be feasible, how
well can a simple history-independent tax policy do in our model?

To answer the first question, we compare the welfare gain of our second-best planning economy to
the laissez-faire economy without taxes. Let WF (¢ (6),15F(0)) be the welfare of the laissez-faire
economy without taxes (LF), where ¢{F(6) and IfF(0) are, respectively, consumption and the labor
supply of type 6 in time t. Let W*® be the welfare of our second-best planning economy (SB). The
welfare gain of the second-best planning economy from the laissez-faire economy without taxes is
defined in terms of consumption equivalence: the percentage increase in consumption in the second-
best economy relative to the laissez-faire economy without taxes. Let w denote the percentage increase

in consumption. Then, the following condition is met.
W (1 +w5)e" (0).1" () =W

In Farhiand Werning (2013), they compare the welfare gain with respect to three different estimated
values of skill risks 6% a low risk with 6% = 0.00625, 2 medium risk with 6% = 0.0095, and a high risk
with 62 = 0.0161. Following their work, we also compute the welfare gain with respect to these three
different values of skill risks. The results are in the top row of Table 3. The welfare gains are all positive.
Moreover, the welfare gain is increasing with the value of skill risks. Intuitively, the higher the skill risk,
the higher is the welfare gain in our second-best economy.

[Insert Table 3 here]

Next, our second-best economy requires a history-dependent tax system. Yet, if our history-
dependent tax system is too complex and infeasible, how well can a simple history-independent tax policy
do? We compute the welfare gain of our model under a simple history-independent tax policy.

To this end, we consider a nonlinear tax and transfer policy defined by the following function.
T(z)zz—[l—r)zl’i, (18)

where z is income, 7 is the tax rate, and A is the degree of progressivity of the tax policy. This

specificationis well-knownin public finance.* We choose this simple nonlinear tax function, since when

* The function was introduced by Feldstein (1969). More recently, Benabou (2000) and Heathcote et al. (2017)
have applied this policyinto dynamicmacaoeconomicmodels with heterogeneous agents.
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the income is below z, = (1 — T)%, the tax is negative, which captures negative labor wedges for lower
type agents in early periods.

Following Heathcote et al. (2017), the value of 1 is set to be 0.181 to match with the estimation
value. Given A, the second parameter T is chosen to generate a welfare gain closest to our history-
dependent second-best model, which is = 0.2.

The welfare gain of our model under the simple history-independent policy (18) for different skil
risks is illustrated in the second row of Table 3. It is clear that, in terms of the overall welfare gain, the
simple non-linear tax is close to our second-best planning economy. (See the third row) This result lends
supportts to the argument made by Heathcote et al. (2017, p.1697), that the parametric tax specification
(18) is sufficiently flexible that the welfare gain of moving from the simple history-independent

specification to a constrained-efficient Mirtleesian tax schedule is likely to be small.

6.4 Ex-postICC verification

Our model studies the relaxed problem based on the first-order approach, which replaces the
incentive compatible conditions with the envelope condition. In this subsection, we numerically verify
whether the solution to the relaxed planning problem is the solution to the full program. In other words,
we numerically verify whether the envelope condition used in our model solves for the allocation that
implies ex post incentive compatibility.

We simulate the utility gains of different reporting strategies in our model. Specifically, we simulate
the utility of our model in all periods t = 1,2,...,40 over the life cycle, and then calculate the difference
We(8) — W (), defined in (102)-(10b), that is, the utility gains of reporting strategies o from the truth-
telling strategy in the model. We do the simulation based on the first-bestallocation (without the envelope
condition) and constrained efficient allocation (with the envelope condition), respectively. To save space,
Figure 7 and Figure 8 only demonstrates the utility gains for period t = 20 under the state variables
K(v=3.26,A=0.45h=1.17,6_=1,t =20) as an example of ex post verification, where the x-axis
is the true type 6, the y-axis is the reporting type o, and the z-axis is utility gains of reporting types o
from the truth-telling strategy 6. As canbe seen from Figure 7, which is based on the first-bestallocation
without the envelope condition, agents can obtain a higher utility by under-reporting their types, while
from Figure 8, which is based on the constrained efficient allocation with the envelope condition, agents
cannot obtain a higher utility from any misreporting strategy. The truth-telling strategy always gives the
highest utility in our model (cf. the solid diagonal bold line). The comparison between Figure 7 and Figure
8 indicates that the envelope condition indeed generates the incentive-compatible allocation in our model

and thus, the validity of the relaxed planning problem is guaranteed.

[Insert Figures 7 and 8 here]

7. Concluding Remarks
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This paper studies wedges and the tax implementation in a dynamic Mirtlees economy. Our paper
adds unobservable human capital investment into the existing model with observable human capital
investment over the life cycle. In the model, in addition to working and savings, agents choose expenses
for consumption and education over time. The key feature is indistinguishable consumption from
education expenses. The social planner chooses constrained efficient allocations that maximize the
utilitarian social welfare subject to resource constraints and incentive-compatibility constraints. We
characterize capital wedge, labor wedge and nethuman capital wedge in the resulting constrained efficient
allocations, and then constructa system of linear capital and labor income taxes to implement constrained
efficient allocations in a decentralized economy:

We obtain two results. First, the capital wedge is positive and remains so even if there is no
uncertainty of skill shocks and thus, no insurance purposes. M oreover, the labor wedge is negative early
and positive later in the life cycle. These wedges emerge from distortions to consumption due to
indistinguishable consumption from education expenses. Our positive capital wedge arises not only from
the standard insurance effect but also from the new human capital investment effect due to
indistinguishable consumption and education expenditure. Our negative labor wedge early in the life cycle
arises, because the new skill-fostering effect dominates the standard shirk-preventing effect.

Second, in order to implement the constrained efficient allocations as an outcome in a decentralized
economy, we constructa tax system with linear capital and labor income tax rates. By imposing anincome
condition into our tax system, agents can jointly choose labor and savings, and deferred capital taxes are
not necessary in our framework.

Finally, our simulation results suggest that the average capital wedge is positive and decreasing over
time, and, due to the human capital investment effect, is higher than the model without private human
capital investment. Even in the mid-working period, the capital wedge is positive and progressive against
skill types. Moreover, the average labor wedge is negative in early periods, increases over time, and is
positive in later periods. Ina mid-working period, the labor wedge is hump-shaped against skill types with
negative labor wedges at the top and the bottom of the productivity distribution, different from the
standard zero-tax result at top and the bottom of the productivity distribution. Further, our history-
dependent optimal tax policy results in a large welfare gain when comparing with a laissez-faire economy
without taxes, and if our history-dependent policy is too complicated to be feasible, a simple history-

independent non-linear tax policy would give a close welfare gain.

References

Albanesi, S. and C. Sleet (2006) Dynamic optimal taxation with private information. Review of Economic
Studies 73, 1-30.

Ales, L., M. Kurnaz, and C. Sleet (2015) Technical change, wage inequality and taxes. American Economic
Review 105(10), 3061-3101.

Allen, F. (1985) Repeated principal-agent relationships with lending and borrowing. Economics Letters 17,

38



27-31

Anderberg, D. (2009) Optimal policy and the risk properties of human capital reconsidered. Journal of
Public Economics 93,1017-1026.

Autor, D., L.F. Katz and A.B. Krueger (1998) Computing inequality: Have computers changed the labor
market? Quarterly Journal of Economics 113(4), 1169-1213.

Atkeson, A. and R.E. Lucus, Jr (1992) On efficient distribution with private information. Review of
Economic Studies 59, 427-453.

Atkinson, A.B. and J.E. Stiglitz (1976) The design of tax structure: direct versus indirect taxation. Journal
of Public Economics 6(1), 55-75.

Becker, G.S. (1964), Human Capital: A Theoretical and Empirical Analysis, with Special Reference to
Education. University of Chicago Press.

Ben-Porath, Y. (1967) The production of human capital and the life cycle of earnings. Journalof Political
Economy 75(4), 352-3065.

Benabou, R. (2000) Unequal societies: Income distribution and the social contract. American Economic
Review, 90 (2000), 96-129.

Bohacek, R. and M. Kapicka (2008) Optimal human capital policies. Journal of Monetary Economics 55,
1-16.

Bovenberg, A.L., and B. Jacobs (2005) Redistribution and education subsidies are Siamese twins. Journal
of Public Economics 89, 2005-2035.

Bovenberg, A.L., and B. Jacobs (2010) Human capital and optimal positive taxation of capital income,
International Tax and Public Finance 17: 451-478.

Chamley, C. (1986) Optimal taxation of capital income in general equilibrium with infinite lives,
Econometrica 54(3), 607-622.

Chen, B.-L. and C.-H. Lu (2013) Optimal factor tax incidence in two-sector human capital-based models
Journal of Public Economics 97, 75-94

Chou, M.H. (2015) English language education in formal and cram school contexts: an analysis of
listening strategy and learning style, Education 3-13.

Cole, H. L. and N. R. Kocherlakota (2001) Efficient allocations with hidden income and hidden storage,
Review of Economic Studies 68, 523-542.

Cunha, F. and J.J. Heckman (2007) The technology of skill formation. American Economic Review 97(2),
31-47.

da Costa, C. and L..]. Masestti (2007) The risk properties of human capital and the design of government
policies. European Economic Review 51, 695-713.

Davies, J., J. Zeng and J. Zhang (2000) Consumption vs. income taxes when private human capital
investments are imperfectly observable, Journal of Public Economics 77, 1-28.

Diamond, PA. (1980) Income taxation with fixed hours of work. Journal of Public Economics 13, 101—
110.

Diamond, PA. (1998) Optimal income taxation: an example with a U-shaped pattern of optimal marginal
39


http://qje.oxfordjournals.org/search?author1=Lawrence+F.+Katz&sortspec=date&submit=Submit

tax rates. American Economic Review 88(1): 83-95.

Diamond, PA. and J.A. Mirrlees (1978) A model of social insurance with variable retirement, Joumal of
Public Economics 10, 295-330.

Ewijk, Casper van and Paul J.G. Tang (2000) Efficient Progressive Taxes and Education Subsidies. 7/
Discussion Paper No. 170. CPB Netherlands Bureau for Economic Policy Analysis.

Entrich, SR. (2014) Effects of investments in out-of-school education in Germany and Japan,
Contemporary Japan 26, 71-102.

Farhi, E. and I. Werning (2013) Insurance and taxation over the life cycle. Review of Economic Studies 80,
596-635.

Farhi, E., C. Sleet, I. Werning and S. Yeltekin (2012) Non-linear capital taxation without commitment.
Review of Economic Studies 79, 1469-1493.

Feldstein, M. S. (1969) The effects of taxation on risk taking. Journal of Political Economy, 77, 755-764.

Findeisen, S. and D. Sach (2016) Education and optimal dynamic taxation: the role of income-contingent
student loans, Journal of Public Economics 138, 1-21.

Goldin, C.D. and L.F. Katz (2008) The Race between Education and Technology. Harvard University Press.

Golosov, M., N.R. Kocherlakota and A. Tsyvinski (2003) Optimal indirect and capital taxation, Review
of Economic Studies 70, 569-587.

Golosov, M., A. Tsyvinski, and 1. Werning (2006) New dynamic public finance: A uset’s guide. NBER
Macroeconomic Annual, MIT Press.

Grochulski, B. and T. Piskorski (2010) Risky human capital and deferred capital income taxation. Journal
of Economic Theory 145, 908-943.

Heathcote, J., K. Storesletten and G.L. Violante (2005) Two views of inequality over the life cycle, Journal
of the European Economic Association 3, 765-775.

Heathcote, ., K. Storesletten and G.L. Violante (2017) Optimal tax progressivity: an analytical framework,
QuarterlyJournal of Economics, 1693-1754.

Heckman, J.J. (1976) A life-cycle model of earnings, learning, and consumption, Journal of Political
Economy 84, 59-S44.

James, J. (2012) The college wage premium. Economic Commentary. Federal Reserve Bank of Cleveland,
Issue 2012-10.

Judd, K.L.. (1985) Redistributive taxation in a simple perfect foresight model, Journal of Public Economics
28,59-83.

Kapicka, M. (2006) Optimal income taxation with human capital accumulation and limited record keeping,
Review of Economic Dynamics 9, 612—639.

Kapicka, M. (2013) Efficientallocations in dynamic private information economies with persistent shocks:
a first-order approach. Review of Economic Studies 80, 1027-1054.

Kapicka, M. (2015) Optimal Mirrleesean taxation in a Ben-Porath economy, American Economic Journal:
Macroeconomics 7(2), 219-248.

Kapicka, M. and J. Neira (2019) Optimal taxation with risky human capital, American Economic Journal:
40



Macroeconomics 11(4), 271-309.

Krueger, D. and A. Ludwig. (2013). Optimal progressive labor income taxation and education subsidies
when education decisions and intergenerational transfers are endogenous, American Economic
Review Papers & Proceedings 103(3), 496-501.

Kocherlakota, N.R. (2005) Zero expected wealth taxes: A Mirrlees approach to dynamic optimal taxation.
Econometrica73, 1587-1621.

Lazear, E. (1977) Education: consumption or production? Journal of Political Economy 85(3), 569-598.

Makris, M. and A. Pavan (2019) Taxation under learning-by-doing, working paper. [revise and resubmit
at Journal of Political Economy.]

Maldonado, D. (2008) Education policies and optimal taxation, Intemational Tax Public Finance 15, 131—
143.

M cDaniel, C. (2007) Average tax rates on consumption, investment, labor and capitalin the OECD 1950~
2003. Working Paper, Arizona State University.

Meghir, C and L. Pistaferri (2004) Income variance dynamics and heterogeneity, Econometrica 72 1-32.

Milgrom, P., and 1. Segal (2002) Envelope Theorems for Arbitrary Choice Sets, Econometrica 70, 583—
601.

Mirrlees, J. (1971) An exploration in the theory of optimum income taxation. Review of Economic Studies
38,175-208.

Murphy, KM. and F. Welch (1992) The structure of wages. Quarterly Journal of Economics 107 (1), 285-
326.

Palacios-Huerta, I. (2003) An empirical analysis of the risk properties of human capital returns,
American Economic Review 93 948-964.

President’s Advisory Panel on Federal Tax Reform (2005), Chapter Five The Panel’s Recommendations,

available at: https://govinfolibrary.unt.edu/taxreformpanel/.

Saez, E. (2001) Using elasticities to derive optimal income tax rates, Review of Economic Studies 68, 205—
229.

Saez, E. (2002) Optimal income transfer programs: intensive versus extensive labor supply responses.
QuarterlyJournal of Economics 117,1039-1073.

Saez, E. and S. Stantcheva (2016) Generalized social marginal welfare weights for optimal tax theory.
American Economic Review 106(1), 24-45.

Schultz, T.W. (1961) Investment in human capital, American Economic Review 51, 1-17.

Stantcheva, S. (2014) Optimal taxation and human capital policies over the lifecycle, MIT Department of
Economics Graduate Student Research Paper No. 12-02, available at:
http://sstn.com/abstract=2191089.

Shourideh, A. (2014) Optimal taxation of wealthy individuals, Working Paper, Wharton School,

University of Pennsylvnia.
Stantcheva, S. (2015) Learning and (or) doing: Human capital investments and optimal taxation. Working

Paper, Harvard University.
4


https://govinfo.library.unt.edu/taxreformpanel/
http://ssrn.com/abstract=2191089

Stantcheva, S. (2017) Optimal taxation and human capital policies over the life cycle, Journal of Political
Economy 125(6), 1931-1990.

Stiglitz, J. (1982) Self-selection and Pareto efficient taxation. Journal of Public Economics 17, 213-240.

Storesletten, K., C.I. Telmer and A. Yaron (2004) Consumption and risk sharing over the life cycle, Journal
of Monetary Economics 51 609-633.

Trostel, PA. (1993) The effect of taxation on human capital. Journal of Political Economy 101 (2), 327-
350.

Tuomala, M. (1990) Optimal Income Taxation and Redistribution. Oxford, Clarendon Press.

Weisbrod, B.A. (1962) Education and investment in human capital. Journal of Political Economy 70 (5),
106-123.

Werning, I. (2007) Optimal fiscal policy with redistribution. Quarterly Journal of Economics 122, 925-967.

Appendix

This Appendix offers proofs for the lemmas and propositions in the text.

A.1 Proof of Proposition 1in Subsection 2.3

Suppose that the constrained efficient allocation {c{(6),y{ (6),h9(0)} is the solution for the
problem in (2). Then, by using the constraints in (2), we can replace ¢{ (8) by ¢, (o) +y, (o) —y7 (6)
and hg(0) by (1 —8,)h, +1(x,(6),y7(6)) + 6. Then, the problem in (2) becomes:

maxu(c, (o) +y, (o)~ y;j(6))_421;50)]”{“(%(0))_¢[(1—5) z,(0) : H (192)

¥(6) ) W) +(x,(0),y7(6))+6

We denote ¢y, (i—i) =—¢' (i—i) <0 and bnn (;—Z) =¢" (i—tt)((;f;+ 2¢’ (it) (hztt)3 > 0. Then,

(ht)z h‘t

the first-order condition of the problem (19a) is

u’(cl(0)+y1(0)—y1“(9))+ﬂ¢§'[ o +¢,(Z(0) }p ( 1(o),yf(Q))zQ (19b)

xl(a )+9

which is the first part of Proposition 1.
Moreover, differentiating (19b) with respectto 8 yields

u'(c; (05 y; (e)=ﬁ[m (%)[wy(xl(o).y;’ (0)) 57 ©)+1 ]y, (x, (o).y;’(6))+¢;(%‘;§)ww(xl(a).y;’ (@)%y;’(e)]
which gives

B (25 ), (3. (0).57 (6))
(5 0)) 8| o500, (520). 37 €)) 4 (2 (3 0) 2 (0)
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5yi(0)=




Sh(8)=1, (% (0).57(6)) 51 (0)+1
_ (e (0))- B, (201, (x, (o). ¥7 (0)) . (19d)
(e (e))—ﬁ[m( ), (301,57 (O))) 41 (222, (11 (0). 3 (9))}

As u" <0, ,,<0, ¢p, >0, ¢, <0and P, >0, (19¢) and (19d) imply a%yf(@) <0 and

(o)
1 (0)

9.5
aehz(e) > 0.0

A.2 The relaxed planning problem and the first-order conditions in Subsection 3.1.
Let A; be the shadow price of the resource constraintin period t = 1,2 and u(8) be the co-

state variable associated with W (6) Moreover, we use (4c) to replace c,(6) by

W (0)+ (1 (6))-u(c,(6))]+4(1.(6))]

Then, the Hamiltonian of the relaxed planning problem is given by
H=m(0)W(6)

0, P, (002, (616) +(1-6, )K, =G, ~n(6)c, (6)~(6) , (6) ~n(6), (6) K, |

2, {F(Kz,je n(0)z,(616) +(1-8,)K, ~G, ~m(6)u” [%(W(e)w(%f))—u(cl (e)))+¢(%)}}

i H(Q){—U'(Cl (9)) @%{(;9) " ﬁ¢r(%) [hzzz((;))]z Bhé((;g)}'

The first-order conditions with respect to ¢, (0),2,(0), z,(6),K, and x,(8) areas follows.

oM u'(c,(6)) 200
= A, 7(0)+ 4,7m(0)———L—u(0)u"(c, (8)) 222 — g, 20
o) OV ATO) g oy MO (@) (200
! Zl(g) 1
oM #50 )%
=\F (K,,Z)n(6)-Am(6 =0, 20b
oz, (0) (K2, ) (6) =2, ( >ﬂU'(Cz(9) (20b)
oM (=] (o) 0z et + o' (i) |
— (9):A2n(9) F,(K,,Z,) { 2(9)2) ; A0 (2( ))]2 A0 =0,......200)
2 ¢ h, (6
oH /\zﬂ(e)'i"(%)22(9)%(*1(9)%(9)) Bu(0)2:(0)b(,(0)31(8)) [ s [ 2:(6) \ z,(6) o 2(0)\) m(0)
axl(e)__kln(e) ’ :(cz(e»[hz(e)]z B [r(0)] {¢(hz<9>)hz<e>+2¢(hz<6>)} =0 (G0
oM
W:—Al+A2[Fk(K2,ZZ)+1—6J:O. (20¢)

2

Note that the choice of capital in the last condition is the same as the corresponding condition in
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the Ramsey model. Moreover, if the IC constraintis not binding and thus u(8) = 0, the first4 conditions
reduce to standard conditions for consumption, effective labor and education investment in the Ramsey
model, wherein the discounted marginal utility of consumption and effective labor for each type is equal
to the marginal cost. However, if the IC constraint binds and thus u(6) # 0, these conditions differ from
those in the Ramsey model.

First, the equation (6a) can be derived by using (20a) and (20e). Second, using (20a) and (20b),

we have following equation

o) (o) (e, (0)) 4" J

=F,(K,,Z,). (212)

- 1-pu'(c, (6
U(CI(G)) ( ( ))
Based on (20b) and (20e¢), we have

BLF (K., 2,)+1-8,]u/(c,(0)) =4/ (22}t (21b)

The equation (6b) can be derived by using (21a), (21b) and (20e). Third, the equation (6¢) is derived
by using (20c¢). Finally, using equation (20e), the equation (20d) becomes

825 Jeal)w. 5 (6)1(6) o) (00,5 (0):(0) { ¢,,(zz(6)) 0) 5 " (22(0) )} on(6) 210)

[Fe(Ky.2, 416, Ju(c(0) [ 1o(6) | am(0) () hy(6) ] h(6) H6) )| 0

1 (6)
Then, (6d) is derived from multiplying u’(c,(8)) on the both sides of (21c).

A.3 Proof of Lemma 1 in Subsection 3.1

This proof is close to that in Stantcheva (2017). With boundary conditions u(8) = u(8) =0 in
(5a), according to Rolle’s theorem, there exists 6’ € (6, 6) such that :—9 u(@') = 0. The law of motion
(5b) gives

A, =Bu'(c,(6")>0.

Because c¢,(8) is monotone increasingin 6, the above equation implies that 1, < fu'(c,(8)) for
0 <8 and A, > pu'(c,(0)) for 8 > 6" According to the law of motion in (5b), this implies that

%u(ﬁ) <0 for 8 <68'and %y(ﬁ) >0 for > 06" That is, the derivative of u(f) is negative for
small values of 6 and positive for large values of 6. With 1(8) = u(@) = 0 this ensures that p(0) is
negative for 6 € (6,6), as illustrated in Figure 5.
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u(0)

Zu(6)=0

Figure 5. Non-positive co-state u(8)

Alternatively, if we integrate (5b) and use the boundary condition, u(8) = 0, we obtain

0 A ” ”
u(e)=|' (1——pu,(cz(6,,)))n(e )do".
Note that, for 8 € [0’,0), due to the fact that A, > Bu'(c,(8)) for 6> 6'the above equation
integrates over non-positive variables only. Thus, the above equation implies u(8) <0 for 8 € [6',6).
Similarly, integrating (5b) and using the boundary condition u(8) =0 yields
2]
y(9)=jg(—1+—ﬁu,(j;(3”)))n(e )do".
Since 1, < Bu'(c,(0)) for 6 € (8,0'], the above equation integrates over non-negative variables
only when 6 < ', which also implies () <0 forany 6 € (6,0'].
Hence, we obtain that u(8) < 0 forany 8 € (6, 0). o

A.4 Proofs of Propositions 2-4 and Corollaries 1-2 in Subsection 3.2

Proof of Proposition 2:
Based on equation (6a) and (20e¢), we have
1 1 e (a®) 0y,
w(c(®) PR, U ((0) Am(@u'(c,(0)) 96
According to Lemma 1 and Proposition 1 (with ¢ = ), 1, >0, u(6) <0 and ayal—;e) <0 forany

6 € (6,6). Along with the fact that u” < 0 and (7d), the proof is complete. O

Proof of Corollary 1:

ayl(e)

When there are only verifiable education expenses, we have ==

= 0. Then, equation (6a) implies

that the standard (inverse) Euler equation holds. O
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Proof of Proposition 3:
For the scenario when there are non-verifiable education expenses, then according to Lemma 1 and

Proposition 1, A, >0, u(8) <0 and —— 6y1(9)

(6b) implies

< 0. Along with the fact that u” <0 and u’ > 0, equation

#5)al Bu(o)u'(ca(6)u"(c,(6)) v, (6)
T (0)=1- u'(c,(9)) B A (6)u'(c, (6)) 06 <0 (229)

h2(0)

for any 6 € (6,6). Moreover, based on equation (6c), the facts >0, ¢ >0 and ¢" >0 imply

W(%)wﬁz ~u(6) " 7(0) ) | 2h(0)
oS e L] e

for any 6 € (8,6).0

Proof of Corollary 2:
When there are only verifiable education expenses, the resule 222 = o implies 7, (6) =0 in

equation (22a) and 7,,(6) > 0 inequation (22b). O

Proof of Proposition 4:
Adding ﬁ"’x("[l}f"ggﬁ“’”zz“’)u(;zgf’;) on the both sides of (6d), then equation (6d) gives

' _ﬂ‘/}x(?ﬁ(e)dﬁ(e))zz 1 z(6)
u (Cl (6)) [hz(e)jz ¢ (hz(e))

_ﬁ¢'(’27‘2)zz(e)wx(x1(9)%(9))|' u(c,(6)) Bu(6 )u(c( ))22(9)1[;( 1(0)31(0) [ [ 2(0)\ 2(6) o[ 7(0)\| ohy(6)

- [h(o)] L AR (cs(0) 1} (6 (O)] {"’ (hzw))hz(e)*z“’(hz(e))} o

Dividing u'(c;(8)) on the both sides of (23a) and based on definition of (7c¢), then equation (23a)

(23a)

becomes
B On W)
b (9) =1- u (01(9))[}'2(9”2
_ mlai <9>¢~v<"1<9>'yl(9>>[ L1 }_ﬂu(@)a(@)%(xl<e>.y1<e)) {W(zZ(e))zZ(e) ’(a(e))}ahz(e)
[0 BR(c;(0))  u/(ey(6)) a0 m(0) hy(6) ) hy(6) h(0) ]| o8

Using equation (8a) to replace by Q,, then

1 1
u'(c1()) B BR2u'(c2(8))

Txl (0) _ —W’(’?L) 2(0), (X1(9)v)’1(9))9 Bu(6)z,(6), X1 )1 (6 I¢n( 5(0) ) ,(6) +2¢,(zz(9) )} ohy(6)

[m(6)] ! aremO) | (6) ) m(6) h(8) )] o0

Using Proposition 3 and equation (20e), the above equation can be rewritten as

- ’ig)zz »(¥(9)y1 2,(8)w, 1, (x; 2 X, z 0
T, (6): ﬁ¢(w)) (6)4:(x1(8).31(0)) 0+ 2(0)wath z(e)wl(ﬁ))rzz (9)_w¢,( z(e)) 1y (6) (23b)

[T Ryl (6) a0 m(0)T hy(8) ) 2
Using the notations in Definition 2, the first term of (23b) can be replaced by —%,(6), and the

second term of (23b) can be replaced by N, (). Therefore, the equation (23b) can be rewritten as
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T (0) — —/t; (0)+/1/2 (9)_ Bu(0)z;(0).(x1(6).31(6)) ¢!(22(9))5h2(9) .

. a6 ()
Hence, according to Definition 2, the above equation implies that the net human capital wedge is as

follows:

- (9) =7, (9)—./1/2 (9) T A (9) _ *ﬁﬂ(“")zz(")’/’x(xl(@)ryl(9))¢/(22(9))%(9) >0

X an(6) y(6)] h(0) ) o6
Due to the fact that u(8) < 0 for 6 € (6,6) (Lemma 1), the net human capital wedge is positive
forany 6 € (Q,@) O

A.5 Proof of Proposition 5 in Subsection 4.1
Suppose that an agent with the type history 6% =(68,,0,,...,0,) reports type o = (9~1, 9~2,. . 9~t)

The agent chooses non-verifiable education expenses y? (0 ) to maximize the following problem:

we (Ht ) = mflxu(c[ét)+ y(ét ) - y) - ¢(hz(;—?tl)))

At+l 2(641) o rt+2
* ﬂj[u(c(@ )) B ¢( y(+(8 )y}, ) + ﬁjW (6 )n(6,.,)d6,., :|T[(6t+1 )dé.
The first-order condition with respect to y is

_”’(C(ét )+ y(6) -y (e )) -B[4, (%)lﬁy (x(éf )y (e ))n(eHl )de,,, =0,

~ ~ 2(8¢t 2(3t 2(8t
where ¢ +y7(0) =e(5) +3(5%) and b1 (a3) =~ (i) g < 0 ©

A.6 Extension of a one-deviation strategy to multi-deviation strategies

The Appendix shows that, under proper conditions, that the incentive compatibility of the one-
deviation strategy can be extended to a multi-deviation strategy. The goal is to show that if a one-
deviation strategy cannot generate a higher lifetime utility than a truth-telling strategy, then neither can
multi-deviation strategies. In other words, given the true type 87, suppose that the best strategy among

all one-deviation strategies G = (91,.. . ,ét,. . BT) is to tell the truth; namely,
w(6")=maxW?(6°).
(67)=maxw? (¢")

Then, telling the truth is also the best strategy among all multi-deviation strategies.
Without loss of generality, suppose a strategy o that reports the type truthfully in all periods except
in t =ty,.,t, To be more specific, denote the reporting type under strategy o as @ T which follows

the following rule.
ol :{(01 ,,,,, 01)|0s =0, ,‘v’se{t1 ..... tm} }

We will show that, even allowing for the possibility of deviating in the future periods, the agent wil
choose to tell the truth; that is,
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W(Qt1 ) = max we (0[1 )

Before we proceed to the proof, we establish a result in the following Lemma.

Lemma 2. y°(09) =y°(6°%,6,) and c?(8%)=c°(6%6,) for any 62 € 0" and any given

strategyo.

Proof: According to Proposition 5, the optimal condition to determine the value of y =y?(6") is

z(c"!
u’(c(ot ) + y(at ) - J’) = —ﬁjf/fh {WJ[% (x(at );y):|n(0t+l )de,.,.

As can be seen, this condition does not depend on the past history of true types 8°~*, and hence
the optimal condition for y = y"(ét_l, Ht) is the same as the above equation. Therefore, y°(6*) =
y”(ét_l,Ht) . Based on the fact that c?(0")=c(c))+y(@")—y?(0"), the property y? (") =
yo(616,) implies c?(8%)=c?(616,).0

Assumption 2. Suppose that one-deviation strategies satisfy the following conditions.
@) Among all one-deviation strategies ¢ = (91,. . ét, w07 ), telling the truth is the best reporting
strategy:
w(0t) = we(8").
(if) Given any current human capital level h, the lifetime utility W7 (0%;h,) is defined as
W20%5h) = u (c?©9) & (L520) + B WP (O (6,11 )dB 1
Condition (i) still applies to W (6¢;h,); thatis, W(0%;h,) = W7 (8%;h,).

The incentive compatibility condition in the text assures that Condition (i) is met. Moreover,
Condition (ii) assumes that, just like a predetermined human capital in the first period, when the human
capital level is given in period t, then a one-deviation strategy cannot generate a higher utility than a
truth-telling strategy.

We are ready to prove thatif a one-deviation strategy cannot lead to a higher utility than a truth-

telling strategy, then neither can a multi-deviation strategy.

Proposition 11. Under Assumption 2, for any multi-deviation strategy o, which reports the type truthfully in
all periods except t = t,..,t,,, where t,, > --- > t,, the best reporting type in the first possible-deviation
period t =t, isto tell the truth. That is, o/ = 0, and thus, wW(@h) = max Wo(@0%h).

O'tl,...,()'tm
Proof: We start from the last possible deviation period t,. First, we show that the best strategy in period
ty is to report the true type; thatis, of, =6, .

Given a human capital level h,, the lifetime utility of an agent with type 6 in period t,, is
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0, ol ) o S,

e IZ e (o)) e )Zy("(g e n(0, ., ).m(6,)do,  .do..
The lifetime utility of another agent with type (¢'m%,6, ) in period t,, is
W (0.0, )b, )=u(c’(e" .6, ))- ¢[Z(%t)] +B[w° (0" 6, 6, .. )m(6, ,)d6, .,
+p f %{u(cu(afml,etm -8,)) ‘¢[ oy (otZ(?; 6.)0., ﬂn(efmﬂ)...n(es )d6, .do,.

By Lemma 2, y?(6%) = y?(6571,6,) and ¢?(6°) = c?(6°5%,0). Then, from the above equations,
one can easily show that, given the same reporting strategy ¢ in which t,, is the last possible deviation
period, the agent with type 8'm and the other agent with type (a'm™, 0;,,) have the same the lifetime
utility; that is,

we (6%3h, )=W°((o".6, Jih, ).

Note that, for the agent with type (a°m™%,6, ), his reporting strategy ¢ can be seen as a one-
deviation strategy, which reports the type truthfully for all periods except t,,. Then, Condition (i) in
Assumption 2 applies; that is,

6, eargmaxW’ ((at""1 6, Jih, ) .

O'tm

Since W° (Htm;htm) = VIN/”((G tm=1 Htm); htm), we also obtain

6, eargmaxW® (9% sh, ) .

This completes the proof that, in the last possible deviation period t,,, the best reporting strategy
is to tell the truth. Thus, no matter whether an agent reports his types truthfully or not in periods before
tm, the agent obtains the same utility if the type is reported truthfully in period t,,. This is true for any
given level of human capital h, in period t,,. Although agents with different reporting strategies may
generate different values of h,_, it would not change the fact that, in period t,,, the best reporting
strategy is to tell the truth. Even if deviating in t,,, may generate a higher utility from the perspectives in

carlier periods, it is not a time consistent strategy, because it cannot be carried out in period &,,.
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Next, following the same method, we can easily prove in periods by periods that, for all periods
before t,, except t; (ie., t =ty q,...., t;), the best reporting strategy is to tell the truth.

Finally, given that the agent will tell the truthin all future possible deviation periods t =t,,_4,....,t,,
then in period t,, the reporting strategy o is a one-deviation strategy and thus, using Condition (i) in

Assumption 2, the best strategy is to tell the truth. This completes the proof. O

A.7 Proof of Proposition 6 in Subsection 4.2
First, to prove part (1) of Proposition 6, Proposition 5 indicates that the optimal choice of the

agent with reporting strategy 6 is
u’(c(ét ) + y(ét ) -y (Qt )) = —ﬁj¢h (Z(g(;gj))jwy (x(é‘ ),yﬁ (Ht ))7‘[((9Hl )do.,.,, (24a)
Differentiating equation (24a) with respectto 8, yields

ol oo - )L

_ﬁ_..l}éhh(zp(x(é[),yﬁ(ef))wtley(g )[1+¢y(9) 80t +¢h(w(x(é:),y,;(gf))+6t l,byy(e) %0 n(9t+1)d9t+1;

t

2(Bt+1 , (2(8F DN [2(8E+ )] , (2(Bt+1)\ Z(Gt+1 5 ~ 5
e (L22) = CEYEEE o (S0 50— 7 0) >

0 and P3,(09 =, (x(89),y°®9) <o.

Manipulation of this above condition gives

6 & s (nt
» (et ) _ ﬁJ‘|:¢hh (‘p()’(ét 7 (6 ). jl/)y (9 )j|n(6t+1 )dem o

P (e o)l a1 ] a1 o) e

Since h?(8Y) =1y (x(éf)’yc?(ef)) +6; and ¥, <0 <1,, along with the fact that ¢, <0 and

ayo (ot
709 o,
36

@pn > 0, the above equation implies that

Moreover, using (24b), we obtain

) ) n( 6rpty) 2600y )16 rnt
)i ), o (¢706) - 81 (2073 i (0o, e

@, % u"(ca(ef))—ﬁj[qﬁ (“?“‘)j[w‘f(af)]z+¢z(“?“‘)jwa (af)}n(ef)de h
'hh ha(et) y ha(et) W t+1

Next, to prove part (2) of Proposition 6, according to Proposition 5, for periods s = t + 1, we find
that, given the same reporting history (él,. . 9;), the agent with reporting strategy 6(6%) andthe truth-
telling agent with type 8° share the same optimal condition to solve the optimal non-verifiable human

capital investment y as follows.
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u'(c(éS)Jr y(éS)—y) = —.Bj‘(éh (#]% (x(éS),y)n(Hﬁl )de,.,.

This implies that they have the same amount of non-verifiable human capital investment, and thus

the same amount of consumption. That s, yE(BS) = y(és) and ¢c?(9%) = C(BAS) forany s = t+1.0

A.8 The relaxed social planning problem in the subsection 4.3, derivation of the relaxed social

planning problem and proofs of Propositions 7-9 and Corollaries 3-4 in Subsection 4.3

The relaxed social planning problem is set up as follows. First, for periods t =2, 3,...,T — 1, the

expected resource-cost minimization problem is:

K(v,4,h,6_,t)=min jj[c(e)+ 7(0)+x(0)-w,z(0)+7-K(v(6),A(6),h(6),0,¢ + 1) |m(6)do, (25a)

subject to

W(6)=u(c(6))-(2e5)+ Bv(6),
W(6)=-u'(c(6)) %+ pA(6),

(,2h(E)
where v=[W(@)n(8)d6 and A= [ ¢’ (;((:)))S()e—a;;ﬂ(g)dQ, with 6_ denoting past shocks and the

minimization being taken over ¢(6), x(6), z(6), W (6), v(6) and A(6).%
For period 1, the problem is indexed by the targeted lifetime utility v. The problem in t =1 is

reformulated as follows.

K(v.h1)=min [ c(8)+x(8)+ y(6)-w,2(8)++K(v(6),A(6),h(6).0,2) [n(6)d6,  (25b)

subject to
w(0)=u(c(6))-9(*12)+ Bv(6),
W(6)=-u'(c(8)) %"+ BA(6),

[w(0)m(6)do = v,

wherte the minimization is taken over ¢ (6), x(0),z(6), W(6),v(6) and A(H).
We must note that the recursive formulation above has used the agent’s envelope condition (11c),

that involves the optimal non-verifiable human capital investment. As definedin (10b) concerning the
expected lifetime utility under a reporting strategy o €R, the optimal non-verifiable human capital

investment y(8) is chosen to satisfy the optimal condition in Proposition 5. Moreovert, in solving the

¥ As mentioned in Section 3, we analytically solve this relaxed planning problem and then will numerically verify
that the solution satisfies the incentive com patibility condition later.
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relaxed social planning problem below, the properties of the optimal non-verifiable human capital
investment characterized in Proposition 6 will be used.

We are ready to derive the relaxed social planning problem. Since the utility is given by W(6) =

z(6) _ z(8)
u(c(6)) - ¢(h(:_))+ pv(6), we can replace c(8) by u 1[W(6)—[)’v(6) +¢>(h (6_))]. Then, for
petiods t = 2,3, ..., T, the Hamiltonian is as follows.
K(vw,),A(e,),h(a»am):{ )+ (i 1+ x(6) + 7(6)-w,z(6) + LA N )
[V ( m(6)]

+y<e>[A<e> o))
 1(0)] -u(u [ W (0) - pv(0)+ (25 ] |2+ pa(o) |

where A(6_) and y(6_) are the shadow price associated with v(6_) and A(6_) respectively, and

1(6) is the co-state variable associated with W (6).

The first-order conditions are

e){w(’;@))f«%ﬁiﬁ%u"(e(e»%:)] v(e.

oK

0z(0)

=7 -w, — o)
o ED) f Fhio )]

oK K, (v(6),4(6),h(8).6,t +1)¢,
- (6)=n(9) 1+ » }0, (26b)
62_’(60)= ’;Ei)KA (v(6),A(6),h(6),6,,t +1)+Bi(6)=0, (26¢)

oK__—pr(6) 7(0),
ov(6) u'(c(0)) R,

Moreovet, the law of motion for the co-state u(@) is:

aﬁ(e){ 1 —A(Q)}T(@)—ﬁ(e u'(c(6)) y(6) (26¢)

=0. 26d)

oK .
aw(e)” MO

oo

with boundary conditions 2(8) = 4(8) = 0.

Envelope conditions are as follows.
K, (v(6.),A(6.),h(6.),6
K, (v(6.),A(6.),h(6_),6_

t)=v(6.), (261)
t)=A(6.), (26g)

(26h)



Lagging conditions (26f), (26g) and (26h) by one period, we use (26b), (26¢) and (26d) to obtain

y(e)z_Rtnﬁﬁ(g) (26i)

1 a(0)w(c(0)) ay(@)} 26)

ah(6) 0) %0)

Ry _ AOWE) | of 49) o) v 10w (i) 1o
0O [we)T {¢( )[ o)~ (@ (c(0)) & J_ 7o) . (20k)

In order to determine the sign of the optimal wedge, following Stantcheva (2017) we make the

following assumption. 46

Assumption 3. v(0) is increasing in 8 and K, AR 8,t) is increasing and convexin v. Thatis, for all

0, (8/0v)K = 0 and (82/8v>)K = 0.

According to Assumption 3, agents with a higher shock 6 today tend to get the allocation yielding
a higher the expected future utility v(6). Agents with a higher expected future utility v will have a higher

expected discounted cost of providing an allocation X', and moreover, the cost is increasing in v.

For any 6, € [Q,E], let the corresponding expected future utility be denoted by v(8,) = v,. Then,

the inverse function of vimplies that 8, = v (v,). Based on the envelope condition (26g), we find that

oK

v A(6,)=2A(v" (vo))- (27a)

Then, taking the derivative with respect to v, on both sides of the equation (27a) gives

oK d 1
=2(v(v,))—v"(v,)=2(6,)——.

8V§ (V (VO)) dvov (VO) ( O)V'(GO)

By Assumption 3, (27b) implies that A'(8,)> 0 for any 6, € [8,6].

Building on Assumption 3, we easily establish Lemma 3 in the following, which proves that the co-

(27Db)

state fi(6) is positive, indicating a marginal cost caused by informational frictions. 4’

Lemma 3. Under Assumption 3, y(6) < 0 < fi(f) forany 6 € (6, 6)

Proof of Lemma 3.

46 See Assumption 3in Stantcheva (2017, p. 1978).
" The informational friction tends to reduce the sodal welfare or to raise the sodal cost. That is the reason the co-
states are negative in the utility maximization problem (c.f. Lemma 1) and ate positive in the cost minimization
problem (cf. Lemma3.)
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From (26j) and the envelope condition (26g), we obtain

1 ae)u(c(e) ay(6)

u’(c(@)) n(@)u'(c(@)) 00

By Assumption 3, we know that A(0) is increasing in 6, so the term

1 ae)u"(c(6))ay(6)
u'(c(0) w(®u'(c(p)) 86

increases in 8 as well.
With boundary conditions i(6) = p(6) =0, according to Rolle’s theorem, thete exists 8" € 6,0)
such that fi(6") = 0. Then, the law of motion (26¢) gives

L)) o) o

1 weu"(c®)ay®) . . . . .
7@ 2@ (c®) 36 is monotone increasingin 6, (28) implies that

Because

(6)u(c(9))
u(c(0)) m(6)u(c(6)) o0
1 _i0)(c(9)ay(6) »
(c(8) n(oyu(c(e)) o ) 7O

Integrating (26€) and using the boundary condition () =0 we obtain

i(0)= I:{;)_w,)}ﬂ(g,,)_ﬁ(e”)zz( (0") ay(6")

o
u'(c(@”) u’( 6 )) 06"

Note that this equation integrates over non-negative vatiables only for 8 € [6,8). Thus, the

c
"

do".

above equation implies 2(8) > 0 for 6 € [6',6).
Similarly, using the boundary condition fi(d) = 0, we get

000)-[[ iy 40 o X D

0
) oo

)

which also implies fi(6) >0 for 6 € (6,0'].
From (26i), A(6) > 0 implies y(8) <0 for 6 € (6,0'] O

Proofs of Proposition 7 and Corllary 3
Now, we prove Proposition 7 in Subsection 4.3. First, integrating (26¢) and using the boundary
condition A(f) =0 vyields:

a(e")u(c(6”) ey(e") .
u(c(0n) oo de". (292)




Next, using (26j) to replace A(6_) in (292), we get

o Ay 1 o)

|ule(@)) m(e ui(c(e)) 0.

Moreover, using boundary condition 2(8) = 0, (29b) leads to

L1 o) #O)E0)3(0) 1 @ ()30
u'(c(6.)) BR,*2u'(c(6")) m(0_)u'(c(6.)) 06 BR°C u'(c(6") 06"
Current period's HCI effect Next period's HCI effect

With some manipulation, the above equation gives an inverse Euler equation as follows.

11 E{ 1 }:ﬁ(e)u"(c(e))ay(e) 1 E{ﬁ(f))u"(c(e))ay(e)}
u'( .

u(c(6)) BR. |u(c(6))| m(6)u(c(6.)) @6  BR. |m(6)u'(c(6)) o6
ay®_) _9y()

If there are only verifiable education expenses, o~ o8 = 0 and the right-hand side of (29¢)

is zero. Then, the above equation reduces to the inverse Euler equation and the capital wedge is positive
thatinvolves the effect of insurance purposes. This is complete the proof of Corollary 3. However, when
there are non-verifiable education expenses, the right-hand side of (29¢) is not zero and the inverse Euler
equation does not hold. In this case, agents’ consumption may be increased by reducing non-verifiable
human capital investment, the HCI effect in the text. The right-hand of (29¢) are the HCI effects in
current and the next periods that offset each other. It is not clear whether or not the HCI effect in next
period is sufficiently strong, so the net effect on the capital wedge is ambiguous. However, in the ter minal

period, there is only the current HCI effect, so (29¢) becomes

1 1 1| Ao )u(c(6))ay(6.)
w(<(e.) ﬁRTEL%c(e)J w0 Ju'(c(0)) 0. 9
2y (©)

By Lemma 3 and Proposition 6, we have (6) >0 and 5 < 0. Then, (29d) gives

1 S 1 E 1
e(6)) B, (W(e®)]
which implies a larger capital wedge than the case with no non-verifiable education expenses. This

proves Proposition 7. O

Proofs of Proposition 8 and Corollary 4
Next, we prove Proposition 8 in Subsection 4.3. For the first period t = 1, the Hamiltonian of

the social planning problem is:
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K(vh, 1) :{u’l [w(0)-pv(0)+9(%2)] +x(0) + y(e)_le(e)+%/c(v(e),A(e),h(e),e,z)}n(e)
+ )L[g— W(@)n(@)]

6y(6)

+ ﬁ(@){—u’(ul [w(a) —pv(6)+ ¢(%9))J)7+ BA(B)}.
The first-order conditions are

oK ¢($)

N
by
oz(0) | u(c(6))
The above condition gives the following labor wedge in the first petiod.
() () ¥ (@) ()i av(e)
u'(c(6)) (6) wu'(c(0)) 06
Similar to Lemma 3, it is easy to prove that i(6) > 0. Then, we obtain 62—;‘” =0 if there are only

. . .. . 0y(® .
verifiable education expenses. However, based on Proposition 6, we obtain 3;—9 < 0 if there are non-

€.(0)-1-

3

verifiable education expenses. Thus, in the first period, the labor wedge is zero when there are only
verifiable education expenses, but is negative when there are non-verifiable education expenses.
On the other hand, for periods t = 2,3, ..., T, from (26a), it is easy to obtain the labor wedge as

follows.

O[] e ()] - (e0)e ()
w[no)] n(@)(c(o)wnlo)

skill- fostering effect <0

shirk—preventing effect > 0

Then, if there are only verifiable education expenses, we obtain az_ée) = 0, which implies that the

last term of the above equationis zero, and thus the labor wedge is positive, based on Lemma 3. However,

. - . . oy(® ..
if there are non-verifiable education expenses, we obtain 3;—9 <0 based on Proposition 6. Then, the
sign of the labor wedge is ambiguous except in the terminal period. Moreover, in the terminal period,

. . . ay(6)
agents do not invest in human capital, and thus Z—B = 0. Therefore, no matter whether there are non-

verifiable education expenses, the labor wedge is unambiguously positive in the terminal period. O

Proof of Proposition 9

Divided —L on the both sides of (26k), we obtain the following equation

Py (6)
MHNH} (30a)

1 = 480w (0) ¢(<L>)[ L E(e(6) ay(e')} _y<9>[2¢’(%
[H6) ' Re.s (e(e’ ) %



Adding _ﬁw"(e)d)’ (Z(el)) 2(6) 7(0") on the both sides of (30a), then we have

u'(c(8)) n(6)/ [n(6)]2
0.0 {01\ dete) _ OO OB R ] oo tomtofze(i) i
1- u(c(9)) ¢ ( h(6) ) [h(g)f - o) ] R - [h(G)] B (301))

Integrating (30b) with respect to 8’ and accordmg to the definition (12c), we get

119 (i@

_ Izw'w«ﬂw(ﬁ)m (ﬁ'iiza. sty o o w R o i i ()6
[HO)T Re

Replacing 8’ and 6 by 681 and 0°, respectively and using notation Q, = Q,(c(8*™1),c(6") defined

(6")do’
(30c)

in (7d), the equation (30c) becomes

o [l ] (o o oo ) )] y(eff?ii’{ CA TR
T, (6 )_Ef|:[h(9 )]th ) |:¢ ( Her) j|: BR...Q, — (0, 1)“,(6(0”1)) 90,1 :| He) 29 ( o) \J+¢ [ Ho) ) Ho*)

Using the equation (14) in Proposition 8, the above equation can be rewritten as follows

)5 [ S o)L ()] o

[1e)] [Ho")] e
Using the notations N, —;’::11;211/1,( 24, A0d Kt“:(ﬁ:i)lqu’ (Zz_:i)sznt that is defined in
Definition 2, then the equation (30d) becomes
" e RN G G GO KL CA Y o
(6 )_E{—KM(G o)L 2 30¢)

Based on the Definition 2 and equation (30e), the net human capital wedge is derived as follows

n(pnt)— ¢ 41 t+1 7"’*("(3[)*(?))Z(em)y(et)5h(6r) ’ Z(gm)
(02 [ (0) Vo0, (0] - | AN 1)

which completes the proof of Proposition 9. O

A.9 Proof of Proposition 10 in Subsection 5.3
In Subsection 5.3, the problem of the agent of type 8° is to maximize the following life-time utility

ﬁt(l:’t,l;t,et)=maxu(5t)—¢(;—l‘)+ BE 0 (Koo h 00 ) |

subject to

hc+1 :lp()zt’j’:)_l'gt’
where E [UF (Ko, ey, 0000)] = U (kpy 1 Aesn, 00s DT (0141)d0,4 1, and the maximization is taken

over {cp,2p, %0 Ve heprkey )

If we restrict x, = x(§*) for some reporting strategy 6 = (0,,...,0,) € R,(8%), then given the
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previous choice of capital and human capital (E(gt_l)ﬁ(gt_l)), the agent of type 0% € O chooses
allocations {¢, Z, ¥, ﬁ,lz} to maximize the following life-time utility

0 (k6" ),H(E),0, ) = max u(&) - ¢( ,;(;1)) + B0 (k,h,6,.,)(6,,,)d6,.,,

subject to
(1 (6 ))wz+R(1 r(e“)) (9”) E—x(6')- y—k-T(68")>0, (31a)
E=¢(x(éf), y)+9[, (31b)
s(x(éf),z,ﬁ)=(1—fz(éf))w(z—z(éf))—(i—k(éf))zo, (31c)

whete the maximization is taken over {¢,Z, k, v, E}, and the lump-sum tax I’ (é t) is as follows.
[(6)=(1-7,(0))w,2(8)+ R (1-7,(6))Ie (6" )~ c(6') - x(6) - ¥(6') - k(6"). (31d)

Let the multipliers respect to the constraints (31a)-(31c) be 2%(6%), u?(6%) and 7]a (6Y). The
Hamiltonian of the above problem is

H =maxU" | k 9” 49” )

™ A

The first-order conditions with respect to {¢, Z, k, 3, fl} are

%zu’(f)

Gt el @) o) @)-o

‘Z’Z B[V (R0, (8, ), (7 (6°) 17 (67)) =0,

%=—A«r( )+Ha(9f)lpy(x(ér),y)zo’
%zﬁj Hl(l}ﬁ ”1) (m)d%—u‘%(ef):o.
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Moreover, the envelope conditions are
) ) - 005,

U600t

Shifting backward by one period, these envelope conditions are

Uliﬂ (E'Eﬁm ) =X (9Hl )Rm (1 - fk(ét )).

Uyt (kh.6,.,) = ¢ (2%2) ([i])

Besides, equation (13b) can be easily derived from the envelope condition and the first-order
conditions respect to ¢ and k.

Also, because the preference is concave and the constraint set is a convex set, the first-order
conditions are both necessary and sufficient for the maximum, and thus there is a unique solution
{¢,2,9,h,k} to this problem. In combination with the constraints that hold with an equality, these first-

order conditions and envelope conditions above give the following conditions for any s > t.

dCa) e 520

u(e)=pu, (x(8").7) ¢ ()t 0.0, (32b)

h =1p(x(éf), y)+65, (32¢)

(1—%2(53))w2+ R(1—fk(és-l))ﬁ(és-l)—5—x(é3)—y—E—r(éS)zo, (32d)
(1—%2 (éS))w(Z—z(éS))—(IE—k(éS)): 0. (32¢)

Suppose that the linear tax rates {fk(és),fz (és)} are setas the wedges defined in (12a)-(12b). Next,
we show that, for the agent whose reporting strategy is G, if the resulting constrained efficient allocation
{c%(6°),y°(0%),k(0%), 2(6°),h° (0%)}ss, satisfies all (32a)-(32¢), then the allocation must be the unique
solution of the above decentralized problem.

From the definitions in (12a)-(12b) and based on Proposition 6, we can easily verify that the tuple
{Z(BAS),CE(HS“)} satisfies (32a). Also, based on the Proposition 5, the tuple {c‘?(es), y‘?(ﬁs), ho(6%),
Z(§5+1)} satisfies (32b). Besides, based on (9), we know that the tuple {y%(6%),h°(6°)} satisfies (320,
and based on the definition of I'(6°) in (31d) and the fact that ¢c%(8°) + y%(6°) = c(6°) + y(8°), the
tuple {cP(6%),y% (6%),k(6%),2(6%)} satisfies (32d). Finally it is obvious that the tuple {z(68%),k(6°)}

satisfies restricted condition (32e). Therefore, for the agent whose reporting strategy is &, the
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constrained efficient allocation indeed satisfies all (32a)-(32¢), which implies that conditions (32a)-(32¢)
yield the allocations that are the same as the constrained efficient allocation {c?(6%), y°(6°), k(6°),
2(6%), h°(6%)}.

In addition, the incentive compatibility constraint (11b) implies that when type 6, agents choose
a truth-telling strategy, i.c., 8, = 6,, the constrained efficient allocation {c?(6°), y°(6°), k(8%), z(6°),
h%(6°)} gives the highest lifetime utility. Thus, the best strategy is to report the type truthfully, and the
constrained efficient allocation {C‘?(GS),y‘?(GS),k(és),z(és),ha(es)} indeed solves the utility
maximization problem for type 6, agents under this tax system. Therefore, our tax system indeed

implements the constrained efficient allocation in an equilibrium. O

A.10 Tax Implementation in the Two-period Model in Subsection 5.3

In Subsection 5.4, the problem of an agent of type € is to maximize
maxu(Z (6)) - 0(52) + 5 u(2.(0) - 0(353) |
subject to budget constraints and human capital accumulation as follows.

6,(0)+%,(0)+5,(0)+k, (0) < wZ (0)+ (1+75)k - T,

&(0)< W222(9)+(1 +rz)]€2(9)_T2’

h(0)=(1-3,)h +v(%,(0).7,(0))+6,
where the maximization is made over {¢,(0), &,(0),2,(0), 7,(6),%,(6), 7,(0), h,(0),k,(6)}.
By only restricting x; = x,(06) for some ¢ €0, the agent with true type 6 €@ chooses

allocations {cq,¢5,Vq,Rp,2,.25,k 5} to maximize u(c,) — ¢ (ﬂ) + B [u(cz) —¢ (Z—Z)], subject to
hq hy
I(o)+ (1 -7, (O'))lel + (1 -7 (0))(1 +7 )kl -c X (0') -y, -k, 20,
y(0)+(1-7. (0))wyz, + (1-7, (0)) (147 )k, —¢, 20,
hy=(1=8,)h +y (x,(0),0,) +0.
From the resulting first-order conditions, we get
u'(cl) = ,B(l + rz)(1 -7, (O'))MI(CZ)
However, given the reporting type o € @, the efficient constrained allocation of consumption in
the first period ¢{(6) may vary with true type 6 € 0, therefore, it is impossible to find a capital tax rate
Ty, (0) such that the efficient constrained allocation {c{ (8), ¢, (0)} satisfy the above equation, especially

when 6 # o, which means that the allocation in the competitive equilibrium are different from the

efficient constrained allocation. If we add in the following two constraints,

87 (20k,) = (1-7.(0)) w2, 2,(0)) = (k, — k,(0)) =,

S5 (e0.k,) = (1=7,, (0))(1+ 7, )k, =k, (0) = (¢, = ,(0)) =0,
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then, the resulting allocations in the competitive equilibrium are the same as the efficient constrained

allocation with following lump-sum taxes:
T (0)=c(0)+x(0)+y(0)+k, (0')—(1 -, (0)) wz (0)+ (1 +r )k1 , (332)
I,(0)=¢(0)- (1 -7, (6))wzz2 (o)+ (1 -7, (a))(l +r )k2 (o). (33b)

Specifically, the Lagrangian is
£= o u(e)-o(i) ¢ plute)-o(3)]
+/1;[r ©@)+(1-7,(@)wz +(1-7, (@) (145 )k —¢ -x(c) -, —kz]
+ B[ M)+ (1=, (@) w,z, + (1-7, (@) (141 )k, ¢, |
w1 [ (1=8,)h+v (% (0).)+0—h, |
[ (z -2 (0))(1-7.,(0) = (k ~k (o)) ]
+nz[<cz—cz<a>>—<1—nz<<f>)(l+rz)(kz—kz<o>>]-

The first-order conditions are

Z*ffu'(cl)—ﬂ{:o,
%:ﬂ”'(cz)—ﬂHn;:O,

Z?L, ¢ (i) m(1-z. (o)) (4 ~m) =0,
azz‘ﬂ”(i)*—izwz(l r. (0))=0,
%Z"VWH(%—nz)(l—rkz(a))(nrz):o,
nyﬂf—ﬂﬁﬂ’wy(xl(a),yl):o,

oL () = -
%:ﬁ(é(Z)(hz)z_ -

From the first-order conditions we obtain the following (34a)-(34b). Combined with the constraints

written as equalities, we list all the conditions of this problems as follows:

#(2)1=pu(e)(1-7, @)1+ 1) m (1-7, (), (34a)

u'(e)= ¢ () v, (0(0) ), (34b)

T (0)+(1-7,(0))wz +(1-7,(@)(1+75 )k —¢, —x,(0) =y~ k, =0, (34¢)
T,(0)+(1-7,(0)) w2, + (1-7,(0)) (141 )k, —¢, =0, (34d)
hy=(1=6, )b+ (x,(0), )+, (34¢)

61



ST =w, (Z1 - (0))(1 —T (0)) + (kz -k, (O-)) =0, (340

Sy = (c2 -c, (6)) - (1 -7 (0'))(1 +r, )(k2 —k, (0)) =0. (34g)

Although these conditions (34a)-(34g) are necessary and not sufficient, it is noted that our problem

uses a quadratic objective function with linear constraints. Then, these conditions (34a)-(34g) are also
sufficient, if the Jacobean matrix of the first-order conditions is negative semi-definite. The Jacobean

matrix, V2L, is as follows.

_u"(Cl) 0 0 0 0 0 0]
0 ﬂ”"(cz) 0 0 0 0 0
0 0 ¢”<Z_1)(h,1)z 0 0 °
VL = —Be" %
0 0 0 B (hz)(hzl)z 0 0 ¥
0 0 0 0 0 0 0
0 0 0 0 0 uy,(x(o).n) 0
L0 0 0 ¥ 0 0 >

where W= A¢" (2) 225+ (2) 553l and T =—plo" (2) 22 + 29/ (2) 22

Obviously, the matrix is negative semi-definite, since one of the columns has all elements equal to
zero. Hence, there is a unique solution to the above problem. With the Inada condition, the solution is
interior. Therefore, the first-order conditions are both necessary and sufficient for the maximum.

Now, we show that, for agents with type 8 who choose strategy o if their constrained efficient
allocation {c{(0), c,(0), y7(0), k,(0), z,(0), z,(0), h(6)} satisfies all (34a)-(34g), then the
allocation must be the unique solution of the above decentralized problem.

For any o € 0, from the definitions in (7a)-(7b) and the conditionin (33a), one can easily verify
that tuple {z,(0),c,(0)} satisfies (34a),. Also, based on the Proposition 1, the tuple {c{(6), y{ (6),
z,(0), h§(0)} satisfies (34b). Besides, based on (332) and (lc), we know that in the constrained
efficient allocation 4, the tuple {c{ (8), y{ (0),k,(0),z,(0),} satisfies (34c), and based on (33b), the tuple
{ c7(0),c,(0),k,(0),2,(0), } satisfies (34d) as well. Moreover, according to (1d), the tuple
{y7(6),h3(6)} satisfies (34¢). Finally it is obviously that the tuple {z,(0),k,(0),c,(0)} satisfy strategy
restrictions, (34f) and (34g). Therefore, the constrained efficient allocation for the agent whose
reporting strategy is o (@), indeed satisfies all (34a)-(34g), which implies that these conditions (34a)-
(34g) yield allocations that are the same as the efficient constrained allocations {c{(6), c,(0), y{(6),
k,(0), z,(0), z,(a), h3(6)}.

Thus, when these two constraints are met, the following tax system implements constrained efficient

allocations; namely, in the first period, the taxes are
I = 7:1 ('9) =TI, (0) + le (9)W1Z1a
if there is some A€ O such that the condition $Y(z;,k,) =0 holds and x; = x,(); otherwise, T; = oo,

and in the second period, the taxes are
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L,=T,(0)=T,(0)+Z, (0)w.z, +7, (0)rk,,
if there is some 6€ @ such that the condition $Y(z;,k,) = S (k,c,) =0 holds; otherwise, T, = oo.
Note that, when using a tax system to implement constrained efficient allocations, the set of

conditions are not unique. There are other ways. For example, if we set S§ = z, — z,(0), we believe that

this set can also implement efficient constrained allocations, but it is too restrictive.

A.11 The Conditions in the Decentralized Problem for Calibration in Section 6

In the decentralized economy, the problem for an agent with skill type 8¢ is to

maxu(c, ) —¢(;—Z)+ ZT: BE, [U(Cs)_¢(i—:)]

s=t+1

subjectto (17a) and (17b), rewritten as follow, respectively.

¢, +x,+y, +k,, <(1-10)w,z, +Rk +LS,, for s=tt+1,..,T,
ht+1 :lp(xt’yt)+9t'
The Lagragian is:
T
L= ‘E —pl =) [+ |(1-1° +Rk +LS —c.—x -y -k
maX;'B f|:u(cs) ¢(hs ):| s|:( T, )WSZS s'ts s Cs =X~V s:|

and the first-order conditions are

[e.]: BE,[u'(c,)]=2,,

[2,]: B¢ (2)E=A,(1-)w,,

[xs] L BE, [¢'(Z_+i)[hi_+ll]z}¢x (xs,ys ) =1,

[ys]: ﬁs_t+1Etl:¢'(i5_+lj ZS+1 :|lpy(xs’ys):As’

s+1 [hs+1 ]2

[ks+1] : As = Es |:As+1 (1 - Tli] )Rs+1 :|
From the above conditions, we can derive the following four equations for calibration.
First, we get u'(c,) = B(1 — t2)Rpy 1 E[u (¢4 )], which implies

(c.(0)) " = AR (1-7,)E,[ (. (6)) | (354)

Next, we obtain ¢’ (:—t)hi =u'(c,)(1 — t2)w,, which implies
t t

(1-7,)w,(c.(8)) " :[@]r hl (35b)

t
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Further, we find BE, [¢' (222) 21 |y, (x,,,) = ' (c), which implies

heye/ [hepql?
g | [l B2 (o) ()"
(Ct (6 )) - BEt |:£ hHl (Gt) hHl (0[) : (35¢)
Finally, we have BE, [(;b' (Z—:) [hz::]z] Y, (x,y,) = u'(c;), which implies
g [l Bl (6))" ()
(c(6%)) " =8E, “ (0] (@) : (35d)

Along with the use of (17a)-(17b), these four equations above (35a)-(35d) are employed to solve
for {Ct (6 t): Zt (9 t); xt (9 t)r yt (6 t)r kt+ 1 (Gt)' ht+1 (6 t)}tST'
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Table 1 Exogenously calibrated parameters

Definition Symbol Value Source/Note

Population

The lower bound of type distribution [ 0.5 Normalization

Degtree of uncertainty 6?2 0.0095  Farhi and Werning (2013)
Preference

Disutility elasticity K 3 Farhi and Werning (2013)
Discount factor B 0.95  Farhiand Werning (2013)
Gross interest rate R, 1.053

Human capital Technology

Human capital tech level B 1 Normalization

Share of non-verifiable education p 0.667  Ewijk and Tang (2000)
Initial human capital hy 1 Normalization

Wage rate w, 1 Normalization

Tax system

Capital income tax rate b 0.3  McDaniel (2007)

Labor income tax rate Tkt 0.2 McDaniel (2007)
Government expenditure G, 0 By Assumption

Table 2. Endogenously matched parameters

Calibrated parameter Value Target Value Source
Education degtee n 0.4 Education expense ratio 0.19 Stantcheva (2017)
Upper bound of type ¢ 1.5 Wage premium 1.8 Various sources”

* Murphyand Welch (1992), Autoretal. (1998), Heathoote et al. (2005), and James (2012).

Table 3. Welfare gains over laissez-faire no-tax economy

Economies 6% =0.00625 62 =0.0095 6%=0.0161

Our second-best model 1.47% 1.74% 1.96%

Simple non-linear tax 1.29% 1.55% 1.89%
As % of second-best 87.8% 89.1% 96.4%

Note: Welfare gains are in terms of consumption equivalence. Simple non-linear tax is the welfare gain

of an otherwise our model except with the simple history-independent, non-linear tax policy.
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Figure 2. Decomposition of the average capital wedge into different sources of effects
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10 Capital wedges at t=20
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Figure 3. Scatter plot of the capital wedge against skill types at t =20 and the decomposition

into three sources of effects.
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in (10a)-(10b). In our model except for the envelope condition, we calculate the utility difference of the
reporting strategies o from the truth-telling strategy in periods 1,2, ..., 40 over the life cycle, and this
figure reports period t =20 as an example.

Figure 7. Utility gains from different reporting strategies in otherwise our model except the
envelope condition (t =20).
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the reporting strategies o from the truth-telling strategy in periods 1,2,..., 40 over the life cycle in our
model (with the envelope condition). This figure reports t = 20 as an example for ex post verification.

Figure 8. Utility gains from different reporting strategies in our model (t = 20).
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